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T) S~\ T x"X (Probit Or LOgit) is a computer 
JL v^/ JL_y V-/ program specifically developed 
to analyze data obtained from insecticide bioassays. 
Prior to its development, other computer programs 
by Daum (1970), Daum and Killcreas (1966), and 
Walton 1 were used for that purpose. After using 
these programs extensively, we concluded that they 
were neither sufficiently accurate for our needs, nor 
did they produce the output we desired. 

The statistical procedures incorporated into 
POLO, its documentation, and examples of its 
application are described in articles by Robertson 
and others (1978a,b), Russell and others (1977), 
Russell and Robertson (1979), and Savin and 
others (1977). Copies of these articles may be 
obtained upon request to: 

Director 

Pacific Southwest Forest and Range Experiment Station 

P.O. Box 245 

Berkeley. California 94701 

Attention: Publication Distribution 

The POLO program is also available upon request. 
A magnetic tape with format instructions should be 
sent to the above address, attention: Computer 



'Walton, Gerald S. Unpublished program for probit analysis. 
Copy of program on file at the Pacific Southwest Forest and 
Range Experiment Station, Forest Service, U.S. Department of 
Agriculture, Berkeley, California. 



Services Librarian. The program is currently 
operational on the Univac 1 100 Series, but can be 
modified for other large scientific computers. 

This guide was prepared to assist users of the 
POLO program. Statistical features of the pro- 
gram, suggestions for the design of experiments that 
provide data for analysis, and data input and output 
formats are described in detail. 



1. STATISTICAL FEATURES 



POLO performs the computations for probit or 
logit analysis with grouped data. For a discussion of 
these methods, see, for example, the text by D. J. 
Finney (1 97 1). In contrast to previous programs, 
the computational procedure has been completely 
freed from dependence on traditional manual 
methods and is entirely computer-oriented. 

The statistical basis for POLO is a binary quantal 
response model with only one independent variable 
in addition to the constant term. Consider subjects 
placed in one of T possible experimental settings, 
where each setting requires one of two possible 
responses from the subject. For example, in a bio- 
assay in which insects are treated with one of T doses 
of a chemical insecticide, the possible responses are 
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denote a numerical function of the measured 
characteristic for the t-th setting by / t . In the 
bioa&say example, the measured characteristic is the 
dose; the numerical function / t may be the dose, the 
logarithm of the dose, or some other function of the 
dose. 

The model analyzed is P t = F(ff + jSz, ), where F is a 
cumulathe distribution function (CDF) mapping 
the points on the real line into the unit interval. For 
the probit model 



P t = 



where f is the standard normal CDF. For the logit 
model 



1 [1 +CHAI] 



Both models are estimated by the method of maxi- 
mum likelihood. 

Beyond the traditional computations, POLO 
tests hypotheses involving two or more regression 
lines. When several chemical preparations are com- 
pared, a probit or logit regression line is calculated 
independently for each preparation. Two hypotheses 
are tested next. The first hypothesis is that all 
regression lines are equal, that is, that all have the 
same intercept and the same slope. The second 
hypothesis is that all lines are parallel, that is, all 
have the same slope. Both hypotheses are tested by 
means of the likelihood ratio test. 

The standard normal and logistic CDF's are quite 
close to one another except in the extreme tails. 
Therefore, similar results are obtained with either 
model unless data comes from the extreme tails of 
the distribution. For theoretical and empirical rea- 
sons for using these functions, other sources should 
be consulted fBerkson 1951. Cox 1966, Finney 
1971). 



2. ASPECTS OF BiOASSAY 
DESIGN 



POLO output is only as good as the data input. 
Program output is the basis for valid statistical 
inference about the probit or logit model, provided 
that an appropriate experimental design has been 
employed in the data collection process. In the 
follow ing discussion, we consider aspects of experi- 
mental design of insecticide bioassays. With suitable 
generalization, the same considerations pertain to 
many other binary quanta! response bioassays, such 
as those with drugs or plant growth regulators. 



The population of test subjects should be care- 
fully defined before the bioassay is performed. Once 
a population for example, larvae in a particular 
developmental stage has been defined, the test sub- 
jects should be randomly selected in order to 
eliminate bias in the experimental results. 

To ensure randomization, it is advisable to use a 
random number table or some other randomization 
device. Suppose, for example, that an insecticide is 
to be applied to last stage lepidopterous larvae 
within a particular weight range. The population, 
therefore, is composed of all insects in the last instar 
whose weight lies within the designated limits. Con- 
sider 75 rearing containers holding appropriate test 
subjects. One randomization procedure consists of 
numbering the containers from 1 to 75. For one 
day's test, five containers will provide sufficient test 
subjects; these five are selected by choosing the 
containers corresponding to the first five digits of a 
list of random numbers from 1 to 75. For the next 
day's test, containers matching the next five digits of 
the random number list may be used. This proce- 
dure may be repeated until all of the insects needed 
have been selected, assuming that insects in the 
original 75 containers remain within the weight 
limits. 

During a given day's test, insects are frequently 
grouped with others for treatment. For example, a 
bioassay may be conducted with larvae held in petri 
dishes in groups of 10. Nine dose levels will be 
applied to the larvae held in 18 dishes. One way to 
randomize dosage assignments would be to number 
the petri dishes as they are filled. Using a random 
number table, the investigator may then assign the 
dishes corresponding to the first two digits of a 
random number table to dose level A, the second 
two to dose level B, and so on. 

These randomization procedures work well, 
given a relatively unlimited supply of test subjects 
such as that provided by a continuous laboratory 
culture. When wild populations are tested, some 
modifications of randomization procedures may be 
necessary. For example, natural units such as cones 
may be numbered, then selected at random for 
assignment to bioassays with each of a group of 
insecticides. These randomization techniques are 
not the only ones which an investigator may follow; 
however, we have found them useful in our routine 
bioassays. Instructions for using random number 
tables are available in statistical textbooks (Gold- 
stein 1964, Snedecor and Cochran 1967). 

2.2 Sample Size 

The maximum likelihood estimates and likeli- 
hood ratio tests used in POLO have desirable large 



of test subjects) which must be used for these desira- 
ble properties to hold. Typically, we have used 300 
to 500 insects for each bioassay of a particular 
chemical performed with test subjects selected from 
a laboratory colony. 

When insects are obtained from field collections, 
their numbers are frequently limited. Even when the 
number of test subjects is not limited, the time 
available for a bioassay may be a limiting factor. In 
general, we have found that treatment of more 
insects with fewer compounds is preferable to treat- 
ment of fewer insects with more compounds. This 
procedure tends to maximize the number of test 
subjects treated with a single chemical. 



2.3 Dosage Selection 

A preliminary dose-fixing experiment is a useful 
step in the selection of the test dosages to be applied 
in a bioassay. In this procedure, a small number of 
test subjects is used to test the effects of a wide range 
of dosages. Suppose, for example, that insecticide A 
is to be tested for the first time on a target insect 
species. We suggest that a logarithmic series of dilu- 
tions from 0.00 1 to 10.0 mg ml be tested, with each 
concentration applied to 10 insects at the usual 
volume or rate. The complete series of dosages in 
this experiment would be (controls treated with 
solvent only), 0.001, 0.01, 0.10, 1.0, 10.0 (mg ml). 
The resultant percentage mortalities might be: 
control 0; 0.0010; 0.010; 0.1030; 1.0100; 
10.0 100. These data would serve as a guide for 
dosage selection for the main bioassay. 

More precise estimates of the probit and logit 
lines are obtained when some dosages are placed in 
the tails of the tolerance distribution and some are 
placed in the middle, rather than clustering all 
dosages in the middle. When only five dosages are 
used, 95 percent confidence limits for the lethal 
dosages cannot be computed about 25 percent of the 
time due to the high values of g (see p. 9). Therefore, 
we recommend that eight or more dosages be used 
to estimate any regression by means of POLO. 
From the results of the dose-fixing experiment 
described above, we would use the following 
dosages in the first replication of the main experi- 
ment (mg/ml): 0.05, 0.07, 0.10, 0.20, 0.30, 0.50, 
0.70, and 1.0. 

After the first replication, a further adjustment of 
dosages can be made. Suppose the results of the first 
replication of our hypothetical bioassay were (per- 
cent mortality): control 0; 0.050; 0.075; 
0.1020; 0.2035; 0.3043; 0.5052; 0.7080; 
1.0 90. For the second replication, it would be 
wise to omit the 0.05 mg ml dosage and add one of 



from treatment with dosages finally selected. 



2.4 Control Groups 

A control group should be included in any bio- 
assay. In our insecticide bioassay example, the con- 
trol is considered to be a dose level of mg ml. The 
rationale for control groups is self-evident. Without 
them, an investigator can never be certain that lethal 
effects are wholly attributable to the insecticide 
being tested. The solvent or an impurity in the 
solvent may have been toxic to the test subjects. 

Excess test subjects should not be used as the 
control group. The controls must represent a 
random sample selected from the population by the 
same criteria and procedures used to assign test 
subjects to any other dose group. Preferably, each 
test chemical should have its own control; an 
alternative, but less desirable, design uses a com- 
bined control consisting of all control groups from 
all chemicals tested in a particular experiment. 
Using either type of control data, POLO will 
calculate a theoretical control response ("natural 
response") for each chemical on an individual basis. 
The program will also calculate response lines 
without controls; in this instance, the program 
assumes that control mortality is zero. Unless the 
investigator has reason to asssume that control 
mortality is in fact zero, this option is not 
recommended. 

POLO calculates a theoretical response rate of 
untreated test subjects the "natural response." It 
should be emphasized that natural response and 
control group mortality are not the same. Natural 
response is a theoretical rate based on the pattern of 
responses exhibited at all dose levels. The zero and 
lowest dosages, however, carry more weight in the 
calculations. Control group mortality is the re- 
sponse rate actually observed in the control group; 
random variation may cause it to differ somewhat 
from the theoretical rate. 



2.5 Replication 

A bioassay should be replicated (that is, repeated 
several times) in order to randomize effects related 
to laboratory procedure, such as worker or day 
effects. Suppose that chemical A is to be tested on a 
population of insects from a laboratory colony. The 
supply of test subjects is plentiful, so that a mini- 
mum of three replications can be performed. 

Obvious differences between the results of one 
replication and another suggest that laboratory pro- 
cedures, such as formulation or application tech- 



. 

chemical A killed 5 to 95 percent of the test subjects, 
but all test subjects were killed by all dosages in the 
second replication. The purpose of the next replica- 
tion should then be to trace whether a procedural 
error had occurred in either of the two preceding 
replications. 



3. DATA INPUT FORMAT 



3.f Starter Cards 

Every POLO run starts with five cards which call 
the program from a tape (fig. I): 
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Figure 1 

Cards 2-5 must be punched as shown. Some modi- 
fication of card 1 is possible. Columns 9-23 identify 
a particular work unit and account number which 
can be changed to identify the particular user. 
Column 26 is the time limit, 28-30 the page limit. 
Time and page limits can be changed to suit the 
user's particular needs. In most cases, 2 minutes and 
200 pages far exceed what is necessary for an 
analysis. 

The fifth starter card can be modified slightly for 
very restricted use (fig. 2). In some of the bioassays 
for which POLO was designed, dosages must be 
multiplied by 10 to appear in the conventional units 
usually reported. Specifically, dosages in topical 
application bioassays of insecticides are applied at 
the rate of ^g 100 mg body weight; they are 
reported in units of jug g body weight. Substitution 
of a card reading 



Figure 2 

for starter card 5 multiplies lethal dosages reported 
in the last summary printed by the program by 10. 
The dosages printed in the body of the output are 
not converted. This input format option is available 
for special circumstances only. 

By using the starter format (fig. 7), units reported 
in the summary and body of POLO output will be 
the same as units in the data input. 



Each group of data sets starts with a header card 
with an equal sign (=) punched in column 1. Any- 
thing desired can be punched on the rest of the card. 
The computer merely prints everything on the 
header card, so any information useful for identify- 
ing the data sets should be entered (fig. 3): 
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Figure 3 

There can be any number of header cards introduc- 
ing the data sets. 

3.3 Preparation Cards 

Each data set is composed of the dose-response 
data. Each separate group (insecticide, generation, 
treatment method) is called a preparation and is 
identified by an asterisk (*) in column 1. The name 
of the preparation should start in column 2. The 
computer retains only the first eight characters and 
uses them to label the printout. If a name or group 
title exceeds eight characters, it is wise to abbreviate 
the titles so that separate groups are identified. For 
example, carbaryl has been tested in two different 
formulations, 5.4.0 and S.L. If the following prepa- 
ration cards (fig. 4) were used, the computer would 
identify each group with the same label 
(CARBARYL): 



Figure 4 



However, preparation cards using abbreviations 
would identify each preparation clearly (fig. 5): 



Figure 5 



3.4 Dosage-Response Cards 

One card per dose group should be punched. 
POLO will analyze one to 300 dose groups for each 
preparation. Each dose-response card contains 
three fields, punched in order. The first field is dose, 
the second is number of subjects, the third is 
number responding (for example, dead). The num- 
ber in each field need not appear in particular 
columns. Only one or more spaces need separate the 
fields. If each preparation has its own control group, 
it should be entered as a dose-group with dose level 





in these examples would be identical. 
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No firm rationale exists for definition of dose 
groups. In figures 6 and 7, data for four replications 
(dose-fixing and main experiment) of the experi- 
ment have been combined. Another, perhaps pref- 
erable, procedure is to list data for each replication 
separately (figure 8}. This procedure tends to 
minimize test statistics such as HET (p. 9} and g (p. 
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3.5 Control Group Cards 

As noted above, individual control groups for 
each preparation are entered as a dose-group with a 
dose level of zero. POLO will calculate probit or 
logit lines without control groups; however, if one 
preparation has a control group, all other prepara- 
tions must also have a control. We recommend an 
experimental design in which each test group or 
preparation has its own control group. If, however, 
the experimental design is such that a single control 
group applies to all of the preparations, the joint 
control group should be entered as if it were an 
additional preparation with one dose group. The 
preparation card is *N ATURAL and the dose group 
card contains the dosage (0), the number of subjects, 
and the number responding (fig. 9): 



Figure 9 



3.6 Metameter 

If doses are not to be converted to logarithms by 
POLO, a D-card should be entered following the 
dose-response data (fig. 10): 
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Figure 10 



The D-card has a D punched in column I, followed 
by one or more spaces, then the number I . Suppose, 
for example, that dosages were converted to loga- 
rithms during the summarization of dosage-response 
data. Dosages might then be listed on the dosage- 
response cards as follows (fig. 11): 
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Figure 11 

Further conversion of the dosages would result in 
logarithms of logarithms; therefore, the D-card 
should be used to ensure that the dosages would be 
used as is. This option is called the "arithmetic" 
metameter. 



If command cards are not used, POLO'S standard 
calculations will be performed. These consist of 
calculations of indhidual probit lines for each 
preparation, the likelihood ratio test for equality 
among all preparations listed behind each header 
card, and the likelihood ratio test of parallelism of 
the preparations. Other options can be selected by 
use of command cards, 

3.7.1 C-Card 

The first command card is a C-card, which 
contains a C in column I and up to three numbers 
following. The C and the numbers must be sepa- 
rated from one another by blank spaces. If only a C 
is punched in column I, the card is equivalent to a C 
followed by three zeroes. This is, in turn, equivalent 
to no card at all, and results in the standard output. 
Thus, the standard output will result from: 

No command card 

A card with C in column 1 (fig- /-): 

Figure 12 

A card with C in column 1 and three zeroes, 
with the zeroes separated from the C and each 
other by a space (fig. 13): 
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Figure 13 



If a one is substituted for the first zero, logit 
analysis will be performed (fig. 14): 

Figure 14 

If a one is substituted for the second zero, the 
natural response parameter will not be estimated by 
maximum likelihood (ML). In figure 15, logit 
analysis without estimation of natural response is to 
be performed; in figure 16, probit analysis without 
estimation of natural response is commanded: 



Figure 15 



Figure 16 



Finally, the substitution of a one for the last zero 
affects the interpretation of the next command card, 
the P-card (see sec. 3.7.3). If the last number is zero, 
the entries on the P-card are merely starting values 
to aid the computer in its search for the optimum, or 
maximum likelihood, value. If a one is entered, the 
values on the P-card are to be considered final and 
no search will be undertaken by the computer. The 
figures below illustrate all possible combinations: 
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Figure 17 A specifies logit analysis, with estimation 
of natural response and a computer search for maxi- 
mum likelihood values of other parameters. Figure 
17 B specifies logit analysis without estimation of 
natural response, but with a computer search for 
ML values of other parameters. Figure 17 C 
commands logit analysis without estimation of 
natural response; specified values of the other 
parameters are designated by the P-card to follow. 
Finally, figure 17 D commands logit analysis, 
estimation of natural response, but values of other 
parameters will be specified by the P-card. 

The command cards for probit analysis are shown 
in figures 17Eto H. Figure 17 E commands probit 
analysis, estimation of natural response, and ML 
search for other parameters (STANDARD 
OPTION). Figure 17 F designates probit analysis 
without estimation of natural response, but with 
ML search for other parameters. Figure 17 G 
commands probit analysis, estimation of natural 
reponse, but values of the other parameters will be 
specified by the P-card. Finally, figure 17 H 
commands probit analysis without ML estimation 
of natural response, and with values of other 
parameters specified by the P-card. 

3.7.2 L-Card 

The second command card, the L-card, specifies 
the percentages for which lethal dosages (LD's), will 
be calculated. These percentages are integers from 
1 to 99. As many as 1 2 percent levels may be listed. At 
least one space should separate the numbers 
(fig. 18): 
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Figure 18 

The L-card In figure 18 will result in printing of LD 5 , 

10' 15' 35' 50' 60' 65' 75' 80' 90' 95 and 99 m the OUtpUt. 

Omitting the L-card results in printing of the stand- 
ard LD's LD !0 , LD 50 , LD 90 . 

3.7.3 P-Card 

The last command card, the P-card, should be 
used only under unusual circumstances. It allows 
the user to specify starting values of the parameters. 
In most instances, these might be estimates of ML 
values to help POLO maximize the likelihood func- 



When a one is punched as the third entry on the 
C-card, the values on the P-card will be used as fixed 
parameters; the program will not search for a sup- 
posedly more optimal set. 

3.7.4 Cautions 

If any command card is present, the C-card must 
also be present even if it is empty. Those command 
cards present must be in the order C, L, P. 

A group of command cards produces a single type 
of analysis of the data. These may be followed by 
other command cards which will produce a different 
analysis of the same data. 

Following the command cards, another data set 
may be entered. This would consist of the header 
card(s) distinguished by an equal sign (=) in column 
1, dose-reponse data, and, perhaps, command cards. 
To the computer, this is an entirely new batch of 
data bearing no relationship to those preceding or 
any following. 

3.7.5 Options: An Example 

In the following example of the use of command 
cards for multiple analyses of the same data, two 
preparations have been tested (fig. 19). Natural 
response will be estimated as a parameter. 
The data first will be analyzed using probits; the 
analysis will then be repeated using logits. There is a 
joint control group valid for both preparations. The 
only LD to be printed is the LD 50 . 



Figure 20 illustrates a typical input for probit 
analysis. All of the card groups starter, header, 
preparation, and dosage-response are illustrated. 
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Figure 20 



The starter cards are in group A, the header cards are 
in group B. Card C-I is the preparation card for the 
first data set; card C-2, the preparation for the 
second set; card C-3 the preparation card for the 
third set. The preparation data sets themselves are 
contained on card sets D-l, D-2, and D-3. To obtain 
standard logit analyses, rather than probit analyses, 
of the same data sets, a C-card specifying the logit 
transformation (fig. 14) must follow each data set 
(D-I, D-2, and D-3). 

The output from this set of sample data is dis- 
cussed in detail in section 5. Briefly, an analysis of 
each data set, the likelihood ratio test for equality of 
the three sets, and the likelihood ratio test for paral- 
lelism will be printed. If the user is interested in pair 
comparisons, each pair must run separately behind 
a separate header card (fig. 21). For large numbers 
of pair comparisons (for example, those for all pos- 
sible combinations of two from a group of 1 5 prepa- 
rations) a computer storage system may be used. 




Figure 21 

The elements (preparations) can then be recalled as 
needed for the various pair comparisons. 



4. DATA OUTPUT FORMAT 

In this section, the format of data output from 
POLO (fig. 22), will be described in detail. A sample 
output, resulting from the input shown in figure 20, 
is presented in its entirety. Probit analysis is per- 
formed; the format for logit analysis is identical. 

4.1 Data Prlntback 

All cards for preparations following each header 
card are printed back prior to the statistical analysis 
(fig. 22 A). After the analysis for one group is com- 
pleted, the next group following the next header 
card is printed, then analyzed. This printback fea- 
ture provides an opportunity for rechecking the 
accuracy of the data input. 

4.2 Metameter Listing 

The next section of the data output (fig. 22 B) lists 
each preparation, dose, dose-metameter transfor- 



tion of responses. The number or preparations and 
number of dose-response cards follows the metame- 

ter listing. 



4.3 Analysis Message 

Following the metameter list, POLO prints a 
message specifying the analysis conducted. 
(fig, 22Q. The user is told which transformation 
will be used for the analysis, whether natural 
response is a parameter, and whether the program 
will estimate parameters by maximum likelihood. 



4.4 Individual Preparation 
Printout 

Terminology in the printouts for individual prepa- 
rations is derived from Finney (1 971). When the 
user is unsure of statistical meanings or derivations 
of terminology, Finney's text should be consulted. 
Use of likelihood ratio tests in the context of probit 
and logit analyses is discussed by Savin and others 
(1977). 

The top of each page repeats the first header card 
(line 1 , sees. D 1 , D2, and D3). 2 Next, the constraints 
of the analysis are stated together with the 
preparation title (line 2, sees. Dl, D2, D3). For 
individual preparations, intercepts and slopes are 
always unconstrained. The analyses are simply 
regressions of each dose metameter on response, 
with correction for natural response where appro- 
priate. Note that the position of each preparation in 
the group is specified by the numeral immediately 
preceding the preparation title in line 2. In the third 
line of the individual analyses (line 3, sees. Dl, D2, 
D3), POLO states whether or not it will estimate 
natural response as a parameter. In sections D 1 and 
D3, no response was observed in either control 
group; it follows, therefore, that the program will 
operate by "not estimating natural response." In 
section D2, on the other hand, the program will be 
"estimating natural response" because mortality 
was observed in the control. 

In the fourth line of the printout, the logarithm of 
the maximum value of the likelihood function for 
each preparation is presented (line 4, sees. Dl, D2, 
D3). In the next section (lines 5-7, sees. D 1 , D3; lines 
5-8, sec. D2), values of the intercept (a, labelled with 
the preparation title), slope, and natural response 
(where appropriate) are listed in the column called 
"parameter." The standard errors and t-ratios 



2 For purposes of easier reference, section and line divisions are 
cited on the following pages which relate specifically to the 
computer printout in figure 22. 



The variance-covariance matrix of the parameters 

is listed next (lines 8-11, sees. D 1 , D3; lines 9- 1 3, sec. 
D2K followed by the chi-squared goodness-of-fit 
test (Sines 12-18, sees. Dl. D3; Sines 15-20, sec. D2) 
The chi-square value, degrees of freedom, and 
heterogeneity factor (which equals the chi-square 
divided by the degrees of freedom) follow (line 
19, sees. Dl, D3; Sine 21, sec. D2). When 
the heterogeneity factor exceeds 1.00, the user is 
cautioned by a warning (Sines 22-24, sec. D2; lines 
20-22. sec. D3). The program suggests that a plot of 
the data be consulted, since the model fits the data 
poorly. Although random variation (that usually 
termed "experimental error") may account for a 
large chi-square (and heterogeneity), a plot of the 
data may reveal systematic variation from linear 
regression. In this eventuality, use of a different 
mathematical function may be more appropriate for 
analyzing the data. In most cases, we have found 
that variation in insecticide bioassays cannot be clas- 
sified as systematic; nevertheless, the user has been 
warned of a problem with the data and is free to 
decide what, if anything, to do about it. 

The "index of significance for potency estima- 
tion" (line 20, sec. Dl; line 25, sec. D2; line 23, 
sec. D3) is the statistic g which is used for calcula- 
tion of confidence limits at three probability 
levels 90, 95, and 99. If, at any of these levels, g 
exceeds 1.00, the values of the mean may lie outside 
the limits; for very large values of g, the confidence 
limits run from -= to + (Finney 1 97 1 ). As a safety 
feature, POLO calculates confidence limits only 
when g is less than 0.5 at either the 90, 95, or 99 
percent probability levels. A warning about g is 
printed (lines 26-27, sec. D2; lines 24-25, sec. D3) 
when g at any of the three probability levels is over 
0.5. Should this occur, a statement (line 28, sec. D2; 
line 26, sec. D3) of the maximum value of g which 
the program will accept is made. Note that the value 
of g is less than 0.5 at all three probability levels in 
section Dl; no warning statement appears, and 90, 
95 and 99 percent confidence limits have been 
calculated (lines 21-25, last 6 columns). In sections 
D 2 and D 3 , however, g exceeds 0. 5 at the 99 percent 
probability level; the user is given the g warning and 
only 90 and 95 percent confidence limits are 
calculated (last four columns each of lines 29-33, 
sec. D2 and lines 27-31, sec. D3). 

Calculated effective doses (lethal doses or lethal 
concentrations, depending on the test technique) 
are the final portion of each printout (lines 21-25, 
sec. Dl; lines 29-33, sec. D2; lines 27-3 1, sec. D3). In 
the first column, the dose level of percent effect is 
labelled. The standard option lists LDio, LDso, and 
LD9o. In the next column, the preparation name is 
reprinted. The column labelled DOSE lists the 



are: 

Preparation LD^o 



LDjo 



LDw 



V-72 0.02159 0.06852 0.21753 
L-74 0.05913 0.16239 0.44596 
C-74 0.01329 0.04139 0.12892 

4.5 Likelihood Ratio Test 
of Equality 

Section E is the portion of the POLO printout for 
the likelihood ratio test of equality of the three 
individual preparations shown in sections Dl, D2, 
and D3. The header card message is printed first 
(sec. E, line 1), followed by a description of the 
statistical hypothesis tested (line 2). The test of 
equality constrains the slopes and intercepts to be 
the same. With these constraints, the lines would be 
the same. Natural response is not estimated in 
determining the composite line (3) for comparison. 

Lines 4- 1 1 contain the statistics for the composite 
lines and are analogous to those for the individual 
preparations (lines 4-11, sees. Dl, D3; lines 4-13, 
sec. D2). The most important calculation listed is 
the logarithm of the maximum value of the likeli- 
hood function for the composite line (line 4, sec. E). 

The next section presents the likelihood ratio test 
for equality itself (lines 12-14, sec. E). To determine 
whether the lines are equal, the program is "testing 
the hypothesis that slopes and intercepts are the 
same" (line 12, sec. E). The negative of twice the 
value of the difference of the sum of the likelihood 
functions of the individual preparations and the 
likelihood function of the composite line is 
distributed as a chi-square (line 13, sec. E). The 
degrees of freedom (d.f.) (line 13, sec. E) equals the 
number of parameters for each line (=2), multiplied 
by the number of lines (in this example, 3) minus the 
number of parameters constrained in the composite 
line (slope + intercept, =2). Thus, d.f. equals (2 x 3) 
-2, or 4 in the present example. POLO then calcu- 
lates the probability corresponding to the chi- 
square with the proper degrees of freedom (line 13, 
sec. E). If the probability is greater than 0.05, the 
hypothesis is accepted; if the probability is less than 
0.05, the hypothesis is rejected. In this example, the 
hypothesis is rejected (line 14, sec. E). 

In the remaining portion of the printout, the same 
information previously presented for individual 
lines (preparations) the chi-squared goodness-of- 
fit statistic, heterogeneity, g, effective dosages, their 
limits, and appropriate warnings is listed for the 
composite line (lines 15-43, sec. E). The user need 
not be concerned with large values of chi-squared, 
heterogeneity factors, or # values which commonly 
appear for composite lines. If lines are grossly 
unequal, these statistics will become quite large. 



OF raraiiGiism 

The likelihood ratio test tor parallelism (sec. F) 
follows the lest for equality. Once again, the header 
title in printed (Sine 1. sec. Fl. The statistical 
hypothesis to be tested follows. For the test of paral- 
lelism, the slopes ofthe individual preparation lines 
are constrained to be the same (line 2, sec. F"). Natu- 
ral response is not estimated (line 3, sec. F). 

The logarithm of the likelihood function for the 
composite line generated when the slopes of the 
preparations are constrained to be the same is calcu- 
lated next (line 4, sec. F). The intercepts for the 
individual preparations with slopes constrained 
(lines 6-8, sec. F) and the slope of the composite line 
(line 9, sec. F), standard errors of the parameters and 
t-ratios for each line are printed. The variance- 
covariance matrix is also listed (Sines 10-15, sec. F). 

The likelihood ratio test for parallelism (lines 
16-18. sec. F) is presented in the same format 
described for the test of equality. Degrees of free- 
dom, (d.f) for the test equals the number of 
preparations (three) times the number of param- 
eters constrained (one:the slope), minus the number 
of constrained parameters in the composite line 
(one:the slope). In this example, d.f. = (3 * 1)~ 1 =2. 
As in the test for equality, the hypothesis is accepted 
when the tail probability is greater than 0.05. In the 
present example, the hypothesis is accepted. 

The statistics for the chi-squared goodness-of-fit 
test of the combined line and the calculation of are 
shown in lines 19-36, section F. These precede the 
calculations of effective doses and confidence limits 
for the individual preparations (lines 37-50, sec. F) 
assuming the same slope as the composite line. 
Finally, the potency of each preparation relative to 
the first preparation in the group (lines 5 1-55, sec. F) 
is calculated according to the procedures of Finney 
(1971, p. 100-124). 

4.7 Summaries 

The first summary printed by POLO (fig. 22) is a 
guide to the body of the analysis and a synopsis of 
pertinent information. The header card title is first 
printed ( line I . sec. G ). Then, key statistics for each 
preparation are listed (lines 2-13, sec. G). The first 
line lists the preparation title, number of subjects 
treated, number of controls, and the page number 
on which the detailed analysis for the preparation is 
to be found (lines 2, 8, 14, sec. G). In the next line, 
the log of the likelihood function, slope standard 
error, and natural response standard error are 
listed (Sines 3, 9, 15, sec. G). Heterogeneity and the 
value of gat the 95 percent level follow (lines 4, 10, 



confidence limits (lines 5-7, 11-13. 17-19. sec. G). 
The last two groups summari/e the likelihood ratio 
tests for equality and parallelism (line 20-26. 27-33. 
sec. G). The statistics for each composite line with 
the appropriate constraints are printed as. they were 
for individual preparations. If the value of g exceeds 
0.5 at the 95 percent level, no list of I.D \alues will 
appear in the summary. The user should refer to the 
analysis for possible reasons. 

The second summary (sec. H) was designed for 
immediate assessment of results and photo reduc- 
tion. The columns are: 



Abbreviation 



Data presented 



PREP Preparation 

N Number of test subjects 

NC Number of controls 

C, SE Estimated natural response its 

standard error 

BETA, SE Slope its standard error 
LDso, Calculated lethal dose for 50 per- 

95^ limits cent effect and 95 percent confi- 
dence limits of that dose 

LD9o, Calculated lethal dose for 90 per- 

95^ limits cent effect and 95 percent confi- 
dence limits of that dose 
HET Heterogeneity factor (chi squared -j- 

degrees of freedom) 

G g at the 95 percent probability level 

LOG L Logarithm of the maximum value of 

the likelihood function 

HYP OK indicates whether either hypo- 

thesis tested (equality or paral- 
lelism) is accepted (p> 0.05) 



4.8 Error Messages 

Error messages clearly indicate mistakes in the 
data input: 



Message 



Reason 



The data on this card seems The number responding on 
to be out of order. a dosage-response card is 

greater than the number of 
test subjects. The usual 
reason is transposing of the 
numbers when either 
writing the data forms or 
punching the cards. 

If one preparation has a Self-explanatory 
control group, all prepara- 
tions must have a control 
group. 



EUREKA 



Your data are so outlandish 
that no analysis can be 
performed. Try again. 
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- U. J. FINNEY, 'FKnBIT ANALYSIS' (1975), PAGE 79. 
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urst 


LOxE 


UPPER 
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UPPEH 


LOwEH UPPER 
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L010 


L-74 


,059!3 


.0232 


.OS892 


.00765 


.10122 




32 


LU50 


L-7 


. 16239 


.11817 


.20596 


.06913 


.23428 




33 


L090 


L-78 


.44596 


.32421 


.87723 


.29063 


1.93634. 
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INTERCEPTS AM) SLUPES UNCONSTk* INtn. PnEPAKAT II1N I i> 15) C-7fl 

NOT ESTIMATING NT'!RAL 



MAXIMUM LOG-LIKELIHO'in 



3. 
2.5975635 



SIANOAHP EkRDP 
,*7857a5t 
.35252155 



VAUIANCE-CCVAHIANCE MATRIX 

C-7S SLOPF 

C-7 .2290J36 .168025 

SLOPE .3660295 .12271 



T RATIU 
7.506H61 3 
7.3685234 
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20 
21 
22 



24 
25 



PREPAKATS 
C-7fl 



D3 



D &OI ; D'.ESS fiF FI t TE5T 
i\ 5U3JFCT5 RF.SPOi'J! 

50. 15] 

5'i. 31. 

4. 31. 



EXPECTED 

9.885 
17.912 
29.218 
30.718 
49.568 



DEVIATION 
2.115 

-2.912 
I .78? 

-3.718 
2.132 



PROBABILITY 
.205940 
.358235 
.5a370 
.723296 
.800139 



HEGHEbS OF FREEDOM 



HFTEROGENEITY 1.5511 



A LAGE CI-Sj::ARt. INDICATES * PtIJR FIT aF THt DATA BY THE PROBIT ANALYSIS MODEL. LARGE DEVIATIONS FOR EXPECTED 
PROBABILITIES %EAH OR 1 ARE FSPECIALLY TROUBLESOME. A PLOT OF THE DATA SHOULD dE CONSULTED. SEE D. J. FINNEY, 

PRUBIT *.'Ai.rsis' (i<72), PAGES 70-75. 
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ESTIMATION: G C .90) = . 1 27617 G C . 95) = . 233426 G ( .99) = . 786298 
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- n. J. fiNNEr, 'PwoaiT ANALYSIS' C1972), PAGE 79. 
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28 
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30 
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L01C 
L350 



C-7M 

C-7*< 
C-7- 



DOSE 
.01329 
.0*139 



LIMITS (0.90) 
LO*EK UPPER 
.00638 .01921 
.03279 .05062 
.09351 .2008 



LIMITS (0.95) 
LO*R UPPER 
.00392 
.02926 
.08611 



LIMITS (0.99) 
LOHEH UPPEH 



.02112 
.05482 
.36089 



MAXIMUM LUG-LIKELIHOOD -549.88206 



INTERCPT 

SLOPE 



PARAMETER 
1.8011430 
1.5371631 



VARIANCE-COVARIANCE MATRIX 

INTERCPT 
INTERCPT .2469636-01 

SLOPE .3061895-01 



STANDARD 
.15715077 
.13708161 



SLOPE 
,2</bl895-01 

.1879137-! 



T RATIO 
11. S61242 
11.140695 
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TESTING HYPOTHESIS THAT SLOPFS AND INTERCEPTS ARE THE SA*E 
CHI-SQUARE=83. 29068 O.F.=S TAIL PROBABILITY::. Oil 
HYPOTHESIS REJECTED 



CHI-SOUAREO GOODNESS OF FIT TEST 



PREPARATION 
INTERCPT 



SUBJECTS 
68. 
77. 
76. 
79. 
79. 
70. 
49. 
50. 
50. 
4fl. 
SO. 
Si). 



RESPONSES 
13. 
26. 
36. 
55. 

22. 

27. 
38. 
aa. 
12. 

31. 
M. 



59. 



EXPECTED 
20.396 
32.826 
39.154 

46.027 
60.706 
43. 95 
37.876 

45.594 

10.2*0 
14.997 
21.31o 
24.716 
35.b9 



CHI-SQUARE S.521 
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DEVIATION 

-7.396 

-6.826 

-1.13* 

6.973 

8.294 

-21.095 

-10.676 

-4.25 

2.406 

1.740 

.003 

9.684 

6.280 

16.131 



PROBABILITY 
.299961 
.826313 
.554915 
.607942 
.768431 
.615650 
.772983 
.845082 
.911874 
.213745 
.299941 
.426313 
.514915 
.607982 



HETEROGENEITY 7.3768 



A LARGE CHI-SQUAHE INDICATES A POOR FIT OF THfc DATA 8Y THE PROSIT ANALYSIS MODEL. LARGE DEVIATIONS FOR EXPECTED 
PROBABILITIES NEAR OR ! AxE ESPECIALLY TRU'JtJLESGME. A PLOT OF THE DATA SHOULD BE CONSULTED. SEE 0. J. FINNEY, 
PROBIT ANALYSIS' (1972), PAGES 7U-75. 

INDEX OF SIGNIFICANCE FOt. PjTtr.C* ESUATin%: &(.90}=.iaB799 G(. 95)=. 282152 C, I . 99) =. 55502 

'rtlTH ALMOST ALL GiU)r> SETb MF DATA, t, i*ILL bt SUBSTANTIALLY SMALLER THAN 1.0, AND SELDOM GKtATER THAN 0,' 
- D. J. FINNEY, 'PSOttlT ANALYSIS' 11972), PAI.E 79. 
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INTERCPT 
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42 
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.Uhbl b 
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43 


L090 


INTERCPT 


.USfaS 


.25117 1.870a 


.22P9U 


3.58Sfaa 
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NOT ESTIATU<(; 'JitukAL 
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V-72 
L-7 
C-7a 
SLOPF 



VARIANCE-CHVAWIA;<CE MATRIX 

V-72 

V-72 .53bai3?-0i 
L-7l .3dllia5-ni 
C-7fl .Sb445b9-ni 
SLOPE .<i2'*>l'i7-<i\ 



.23160S9S 
.Ih70227 
.27 !3fl93 



I -74 

. SGI 1 1H5-01 
.2789b37-01 
. 55IS60U-01 
-01 



T KAT10 
1 3.330502 
12.871773 



13.763999 



C-7a 

,568569-01 
.3515608-01 
.7362807-01 
,96713B-01 



SLOPE 

.?54397-01 
.26311 18-01 
.4967138-01 
.3717463-01 
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70. 
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26. 
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69. 
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52.750 
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29.937 
38.577 
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-.669 
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-2.937 
-.577 
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in the dark as to why people with logical heads should suppose 
themselves incompetent to reason logically about the very few, 
definite, and stable concepts which are the subject-matter of the 
science. 

With the object of reasoning coinmodiously and swiftly about 
these concepts, mathematicians have invented and gradually 
perfected a special symbolic system, a special language. But 
the construction of this language is itself a work of logic in 
a far more exact sense than is the case with ordinary language. 
The study of such a language, one would suppose, ought not to 
present insurmountable difficulties to minds otherwise trained 
to think logically. There must be something in the orthodox 
exposition which, if it cannot be called downright sophistry and 
paradox, is at least inimical to plain straightforward thinking ; 
and the modest avowal of incompetence on the part of those 
who are unable to follow it is at once a tribute and a sacrifice 
to intellectual integrity. 

In considerations such as these, no less than in those which sug- 
gested themselves to me in the course of protracted reflection on 
the nature of language and its functions in the process of thought, 
originated the supposition that even in pure mathematics, con- 
spicuously the domain of definite and stable conceptions, careful 
investigation might be found to reveal evidence of an infiltration 
of the mystical. That this is in fact the case is what after the 
preliminary discussion about language and symbolic expression 
in general I have endeavoured to show ; and I, believe that this 
fact, if so it be, in some measure accounts for the almost; insuper- 
able difficulty which many strenuous minds find in mastering 
even the first principles of the subject, as well as for the purely 
intellectual repugnance with which they regard it. 

The reader who is pressed for time but yet thinks the main 
subject might interest him, would perhaps do well to omit 
Chapters II and III as not being absolutely essential to the 
understanding of what comes after them. But I hesitate to 
recommend him to follow this course, because in doing so it is 
not unlikely that certain objections or difficulties may suggest 
themselves to him and unfavourably affect his judgement ol 
the views expressed : objections or difficulties which probably 
would not suggest themselves at all after a careful perusal ot 



CHAPTER II 
THOUGHT AND LANGUAGE 

Presupposition involved in conscious expressive action. Thought 
and Meaning.Contrast of mental attitude in the* origination and in the 
acquisition of Language. Beliefs suggested in the process of Unguage- 
acquisition, and more or less modified in the course of Experience. 
Meaning and Definition. Opposed views of Delinition (J. S. Mill and 
Taine): Due to not clearly distinguishing between its nature and it* 
function. Max MuUer's doctrine of the Identity of Thought and Language. 

UNDERLYING and prompting my action in writing the words 
now actually flowing from my pen, there is a belief or presup- 
position that, upon being read, they will evoke, in the reader's 
mind, thoughts similar to those which, in mine, seek this mode of 
expression. These thoughts, the reader's and mine, more or 
less similar as I suppose them to be, dissimilar as possibly they 
may be, are meanings of the written words. 

This is to affirm, generally, that a meaning is a thought in 
an individual mind ; is not a something having an existence, 
somewhere and somewhen, independent of any mind. But 
unless we agree, which I do not, to make synonyms ot the words 
' thought ' and ' meaning ', this is not to affirm the converse, that 
a thought or process of thinking is necessarily a meaning. And 
if the question arises: What differentiates a meaning from a 
thought ? we may answer generally that a thought is a meaning 
just in so far as it is associated in a mind with a word or words, 
with marks or signs of some kind. The fact of association is 
what constitutes the associated things respectively meaning 
and symbol. 

The fact itself that I thus draw attention to tins pi'etaipposition 
or belief is evidence to others that it is at the present moment 
definite and explicit in my mind. This, however, is n< >t generally 
the case. We commonly address one another, whether in speed i 
or writing, without definite consciousness of the presupposition ; 
certainly, at least, without its being explicitly present, silently 
embodied or formulated in words. Given the desire to com- 
municate our thoughts, however, the act of w^*,,* ::...- 



Thought and Language 9 

a means to that end, would be inexplicable without the presence 
of the presupposition in the form of an habitual and implicit 
expectation, born of the long-continued experience of the actions 
(including speech) of those whom we address, or who are addressed 
by others. The habitual commonly fails to command attention, 
and by contrast with that which does command it, sinks into the 
subconscious. This mental condition has its parallel in ordinary 
perception. I perceive a tree I am said to perceive that it 
is solid, resistant ; rny visual perception of solid objects is, 
apart from the visual element, a subconscious expectation that 
what is thus seen would prove to be resistant. There is no 
question here of deliberate inference that this would be the 
case ; there may have been, probably there was, more or less 
definitely, conscious expectation when I was learning to perceive. 
Although we may attend to, or reflect upon, a habit of this kind, 
the habit itself is, in its very nature, undeliberate. 

Whatever view we may take of the origin of language ; whether 
we incline to believe in the onomatopoetic, interjectional, 
' synergastic ' or other original character of words, we cannot 
fail to recognize that language is now, and has been throughout 
the historic period of man's development, essentially conventional. 
Or, lest we risk by this statement to seem to ignore what philology 
lias discovered for us as to the growth, decay, and transmutation 
of words in accordance with observed laws, it may be safer to 
assert that it is the association between word and thought which 
is essentially conventional ; the result, not of any natural 
affinity between certain thoughts and certain articulate sounds, 
hut of what may by metaphor be called repeated mechanical 
juxtaposition. No one, I believe, would venture to assert that 
there is any more obvious or natural connexion between any one 
than any other of the words 'dog', 'chien', 'Hund', and our 
conception of that animal. Nor can we discover in the constitu- 
tion and use of language any reason whatever for supposing that 
any other articulate sound would not have served equally well 
with any of those in actual use as a name lor the ' friend of man '. 
And it would in no wise modify this view if to-morrow any one 
should succeed in showing that these three names are indisputably 
traceable to some articulate sound originally mimetic in character. 
For it is not argued that language was conventional in its origina- 
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If any one should assert that, for an infant, the primary 

association of articulate sounds is rather with the JX.TSOII who 

articulates than with anything else ; in other weirds, that the 

infant first recognizes them merely as a proprium of JXTSOUS, it 

would be hard to find any good reason to c< nt n >\vrt f he assertion. 

Point to any object and name It ; even if the infant sets the 

object, the primary association will bv rather between your 

gesture and your articulation than tie!. ween either oi these and 

the object unless, indeed, you credit the infant with an a priori 

knowledge of the meaning involved in pointing, of the intention 

which underlies that act. You might then also just as well 

endow him with an a priori appreciation of tht* natural fitness 

of the names he hears for the things he sees and handles, Throw 

a stick or a stone for an untrained dog to letch. It the object 

thrown catches the dog's eye he may jKKSsibly run aiirr it ; but 

if not, you may point in the direction of the objrct with no other 

result than the dog's wagging his tail, harking, and rajx'ring ; 

and the more emphatic your gesture, the morr viprnu*'ly he will 

wag, bark, and caper. The dog has not learnt your intention 

in pointing, does not associate that particular p*>tuiv with the 

object to be fetched. The man, or the man -like anc*M<r -| man, 

who first pointed to an object with the delibrrat** j.urpuiir ot 

directing to it the attention of his fellows, might wrll be locked 

upon as the founder of the intercommunication oi thought upon 

a conscious and quasi-artificial basis. It is trm: t hat i hi-, j^rst ure, 

like the facial movements, the ejaculations, and nthrr gestures 

which accompany emotion, may have bmi instinctive ; may, 

like them, have originally served the. unpurposive intrreumnmni 

cation of rudimentary thought. But the critical and drci-,i\r 

step towards symbolism of any kind (oral, grsticulat nn, . mimH i, i 

is taken when deliberate or purposive use is made < >t tlu^r 1 hvsif,il 

adjuncts to mental states. The way then lirs open to ingenuity 

for a progressive and gradual fashioning of the raw material /.I 

expression, viz. personal action. And this handiwork oi man is 

apparently subject to no control mon- delmite th.in that of 

racial characteristics, varying conditions oi lih : and varying 

nature of the environment. Thus in the lapse of a^ a the 

onginal and instinctive is replaced in div^ing direcVions liy 

the artificial and conventional, we find the denizen oi the \\Vst 

manna v Avnrcioci-r/v *. rt ^ 
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his hat, while the Oriental expresses this by the equally con- 
ventional act of removing his shoes- a difference which is no 
more and no less striking and significant than that of the articu- 
late sounds (the verbal action) in which they respectively embody 
the sentiment which moves them both. 

While the origination and elaboration of language demand 
purpose and ingenuity, the learning of language is by comparison 
mechanical ; it is a process of association which, in its earliest 
stage, must be almost entirely passive, taking place independently 
of definite purpose in the child's mind. The articulate sounds 
which the infant hears are at first merely natural phenomena, 
probably not even at once connected with the persons who utter 
them. A long and laborious process must be gone through before 
these articulate sounds become for the child what they are for us, 
words or symbols. The first stage in this process is probably their 
recognition merely as a proprium of persons. We know, as 
a matter of fact, that in course of time they become associated 
in the child's mind with the tilings, events, actions, qualities, &c., 
whose names we say they are. I only wisli to suggest here that 
this process of association is attended, on the side of the articulate 
sounds, with a process of abstraction similar to that which goes 
on with respect to the phenomena with winch they become 
associated. What we call a word, say the word * clog ', is no 
more and no less the articulate sound which I titter than it is 
the articulate sound which you utter ; it is an ' identity in 
difference ' of articulation and intonation which the child recog- 
nizes. An articulate sound has, of course, no existence apart 
from these peculiarities of personal utterance, but as the purport 
and intent of the process of association becomes understood 
these peculiarities at the same time become ignored as non- 
essentials, and the word, thus abstracted from what is a. proprium 
of persons, tends, like all other abstractions, to assume an inde- 
pendent existence. 

It may be remarked in passing that if the import ami purpose 
of names are disclosed only if there is the ability to make abstrac- 
tion of (i) the peculiarities of personal utterance, (2) the differ- 
ences which constitute the several individualities of the similar 
objects, events, &c., to which the same name is applied, in pro 
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concepts then it is difficult for us to accept as adequate to the 
facts the oft-repeated assertion that the inssrssbfi of language 
is a pre-requisite to the formation of abstract ideas and simple 
concepts. It would seem rather that one of the conditions of 
the apprehension of language, not to speak of Its origination, is 
the capacity to form these ideas and concepts. 

Many of the properties of objects and of tin* results of action 
the child discovers unaided, hut no amount ot observation or 
assiduity of experiment can disclose their names : this is a secret 
known only to the ' grown-ups '. How the grown-ups have come 
by this knowledge is a question which probably no child ever asks 
himself ; I have never read or heard of a child endeavouring to 
find out from any one how things come by their names. For 
Mm (as for philosophy in its infancy) the names oi things, though 
they can only be revealed, not discovered, are ' natural * signs. 
Evidently the modern proximity of various nices, civilizations, 
and languages, makes it extremely difficult for such a view to 
maintain its hold upon the individual's mind as his exj^rience 
widens; yet the customary always seems natural, not conven- 
tional- so powerful is the effect of this customary association 
between name and thing, that many individuals never iully 
realize the radical conventionality of language, ami in the 
extreme case the vacant grin oi the yokel attests his sense of the 
absurd in the foreign name of any familiar object. 

When, after long mental floundering, there is at last formed in 
the child's mind the general notion of a sign or mark, and the 
clear recognition of articulate sounds as phenomena invested with 
that character, the process of learning language gradually merges 
from the relatively slow and mechanical to the rapid and intelli- 
gent. This marked change in readiness of apprehension is oiten 
very striking and has not escaped the notice of those who observr 
closely the mental development of children. There is almost 
certainly involved in this change of mental attitude from the 
merely receptive to the actively inquiring the formation of an 
implicit expectation (one of those beliefs, inductions from 
experience, which remain unquestioned, unrdkctecl upon, so 
long as no case occurs of unfulfilled expectation), that everything 
has a name. Children, arrived at this stage, frequently ask 
what a thing is called; I do not think they ever ask whether 
a thing has a name or not. 



Thought and Language t:$ 

A somewhat similar change is noticeable at a later stage oi 
intellectual development, when the child first distinctly (onus 
the notion of cause, or perhaps of explicability, and the incessant 
and insistent Why ? distracts its elders, while it may Hatter 
them as evidence of so genuine a l>elief in their omniscience. 
Further, it is to be remarked and the point is of importance in 
relation to this inquiry that just as children in the Why ? phase 
expect that a reason or cause can be assigned for everything, so, 
at the earlier stage we have been considering, there is formed an 
implicit belief that the fact or use of a name involves the existence 
of something (object, person, event, &c.) corresponding to it : 
a postulate which becomes quite spontaneous though to some 
extent corrected by experience, and which, though it lias rarely 
been the origin, has often been the confirmation, of the marvellous, 
the superstitious, the mythological. Max Miiller, for whom 
mythology was merely a disease of language, but whose views 
on that subject did not commend themselves to philologists and 
students of mythology, in effect saw in this postulate the origin, 
instead of the support, of mythical belief. 

Subsequently, when the conception of mind as distinct from 
body, of persons as not only actors but thinkers, breaks in upon 
the child, and words are recognized as expressions of thought 
as well as signs of things, this postulate receives an extension. 
Words denoting abstractions, and collocations of words expressive 
of the combinations of abstract thinking, which the child hears 
but does not understand, become for him unquestioned evidence* 
of the existence of ideas and ideal constructions corresponding 
to them ; and whatever these expressions evoke in his own 
mind, however vague and indefinite, he is often content to take 
as their meaning. It is one of the commonest experiences with 
children at a certain stage of development to find them using 
forms of speech, phrases, expressions which they have picked 
up from the conversation of their elders and which they bring 
forth again more by chance verbal association than as expressing 
definite ideal constructions. This habit or tendency in Urn 
child, if it survives, and so far as it survives, in the adult, must 
clearly be a potential source of illusion. 

Stability in the relation of meaning to symbol is one of our 
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the common tendency is silently to accept this stability as an 
actual fact rather than as a desideratum. For the ordinary 
requirements and practical concerns of life the actual stability 
of this relation is accepted as sufficient. In current oral com- 
munication the formal language common to the group of inter- 
communicants is aided in its task by informal expression and 
the familiarity with personal idiosyncracies ; we frequently 
understand almost as much by the eye as by the ear. But 
from the moment we pass from the ordinarily colloquial to the 
severely accurate, academic, or scientific treatment of a subject, 
the necessity of an exact and adequate terminology at once 
makes itself felt ; and, with exactness in terminology we become 
especially concerned with formal definition. 

Definition is, itself, a word of which lax use is often made. 
The definition of a word, for instance, is often confounded with 
its meaning : a confusion which is commonly immaterial for our 
ordinary purposes, since the object of defining is to convey 
meaning, but which is damaging to clearness of apprehension 
in the subject which now concerns us. It will serve to render 
more definite the standpoint from which I regard the relation ol 
language to thought if I here make a few remarks on the subject 
of formal definition, and on the distinction which it seems well 
to observe between definition and meaning. 

It was long ago observed by Reid, in his Essay on the 1 ntellec- 
tual Powers, that, * A definition is nothing else but an explication 
of the meaning of a word, by words whose meaning is already 
known. Hence it is evident that every word cannot be defined ; 
for the definition must consist of words ; and there could be no 
definition, if there were no words previously understood without 
definition/ 

Formally, of course, every word is susceptible of definition, 
as we see in the dictionaries ; but although we may learn the 
meanings of many words through definition, we have each of 
us ab initio to learn from others the meanings of some words by 
a process of guesswork which results in right association. 

A dictionary of a language, which is very often regarded as a 
collection of the words of the language and of their meanings, 
is, more strictly, a collection of these words and of their definitions. 
The point of the distinction lies, forme, in this : that the. m^nWc 
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reality they were in the mind of the lexicographer, and may be 
evoked in the mind of any one who consults his book. This 
view leads one somewhat further than is at first sight quite 
apparent. The defined and the defining words alone are in the 
dictionary. But the symbols which, in the mind, are associated 
with and are said to express our thoughts, are clearly not in the 
dictionary, since they are in the mind. These symbols are 
words. Hence it seems logically to follow that the printed 
characters in the book are words only by metaphor ; that 
words, like the thoughts of which they are symbols, exist in minds 
only. This conclusion is, of course, totally opposed to the 
customary view ; but after all it is, itself, merely a matter of 
good or bad definition, of a consistent or inconsistent use of 
language from a philosophical or scientific standpoint. It is 
clear that if we apply the same name to something in a mind and 
to something in a book we apply the name metaphorically 
either in the one case or in the other. Which is the metaphorical 
use ? I do not think it much matters what answer we give to the 
question ; but so far as it can be said that a right answer to it 
there is, I think it will be found that, from a purely philosophical 
point of view, it is more consistent to consider bodies or material 
objects (such as printed, written, or carved characters), and 
personal actions (such as speech and the gestures of the deaf and 
dumb), as being words only by metaphor. 1 

Returning to the distinction between meaning and definition, 
we may put it thus : Although we ask for, and expect to get, 
the meaning of a word, all that can possibly be given to us, in 
words, is its definition ; it then rests with us whether or not we 
possess its meaning. All that, in this respect, we can either 
afford to, or receive from, others is definition : meaning cannot 
be directly communicated. 2 Thus, although definition implies, 
involves, and by metaphor is often said to be meaning, a definition 
should no more be confounded with the meaning of the word 
defined than should the several words of which it consists be 
confounded with their respective meanings. If we hold fast to 
this distinction we are in a position much more readily to under- 
stand the opposition of view in which eminent thinkers have 

1 See pp. 1 8, 10. 
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found themselves on the subject of the real nature of definitior 
Take, for instance, Mill's opinion as expressed in his System a 
Logic, and the view which Taine affirms in the short but valuahl 
criticismof MiU contained in the HisMredela Literature andaise 
Mill, contesting the then prevalent notions, writes : 

'The definition, they say, unfolds the nature of the 
but no definition can unfold its whole nature, and every pro 
in which any quality whatever is predicated of ttetSn 
some part of its nature. The true state of the ca ve tak^to h 
this. AU definitions are of names, and of namesTonlv h,t? ^ 
some definitions, it is clearly apparent that nothing ' * ", In 
except to explain the meaninfof the ird whf e ^"^^ 

ST+ffr 18 th ^ meani g of the word it intended 1 to if' 
implied that there exists a thing, corresponding to the word L' 

Tahie replies to this as follows 
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defined term has so far not evoked, and that we ought not to con- 
found definition with its object, a means with an end, there 
would have been nothing to say. But he goes on to confuse the 
issue by irrelevant considerations regarding the existence of 
the things defined. The existence or non-existence of a thing 
defined is not what makes the difference between some definitions 
and others. From Mill's own point of view, that definitions 
are of names only, the difference between one definition and 
another or between the same definition in different minds, is 
rather this : that in one case the definition may evoke meaning, 
in the other not. This, however, does not affect the nature of 
definition itself. Thus, I may be given the definition of ' allo- 
chiraT , as that similarity which the right hand has to the left : 
similar, that is, with reversed parts. Now, I may have been 
quite familiar with this peculiar kind of similarity of shape with- 
out knowing that any name had been invented for it. In that 
case I shall merely acquire the knowledge of a name. But if 
this definition evokes in my mind the awareness of a similarity 
previously unnoticed, I shall have acquired, besides the knowledge 
of a name, a knowledge of ' things '. In both these cases the 
definition evokes meaning ; but it might perfectly well be that 
the defined word had reference to some branch of knowledge with 
which I was totally unacquainted, that the definition given of it 
was itself highly technical and evoked no more definite meaning 
in my mind than did the term defined by it. I should then be 
in possession of a barren piece of information, viz. that the 
defining words may be substituted for the word defined. In 
none of these cases is the essential character of definition as such 
at all modified ; the one common point is that a name is defined 
in all of them, whatever else may attend or follow upon the 
definition. 

Turning to Taine's criticism, it appears that he misses the 
point somewhat obscurely put by Mill. He distinguishes between 
knowledge about words and knowledge about things, but he 
fails to tell us how we are, verbally, to mark the distinction. If 
we are to use the same term, viz. ' definition ', to denote both 
kinds of knowledge, we court confusion, at least in philosophical 
discussion, where it is important to maintain the distinction. 
Mill's plea is, in substance, that we should avoid this confusion 
by restricting the reference of definition to knowledge about 



words. Taine, on the other hand, had his mind fixed on 
import or value of definition, and protested against whal 
supposed was a subordination of the office of definition. H 
concerned about la vraie definition, L e. that which gives 
essence of the thing defined, and his remarks arc valuable, 
they are directed to a different point from that which concer 

MiH 

What gives an air of unreality to this particular discuss 
and perhaps also to Mill's contention, is that the nature of c 
nition is, for all ordinary purposes, of so very little importa 
as compared with its function. Evocation of meaning, and 
a bare verbal knowledge, is what interests us and engages at1 
tion. If we agree with Mill that in strictness definitions an 
names only, it must also be admitted that this bare knowle 
we hardly ever seek. The definition of a name is of no use to 
save as a means of discovering that which, in the defmer's mi 
evokes the name and the definition he gives me of it. 

In the interest of general intelligibility the individual is 
warranted in arbitrarily assigning meaning to words by defmitii 
but, in the same interest, it should be our common and concer 
endeavour, by that means, to dispel the obscurity which ar; 
from lack of decision in the use of words, that is, from instabi! 
of association between word and thought. Although it is cast 
the external evidence of the common will which finally sa 
tions the use of any word in a particular sense, or in differ 
senses, yet it is reasoning, good or bad, and frequently act 
through the paramount authority of individuals, which initiii 
custom. The ordered development of articulate sounds, indeec 
phonesis as distinguished from symbolism is undoubtedly 
result of physical forces which exhibit, in this result, certain'm 
or less definite laws of action ; it is therefore properly regan 
as lying outside the sphere of ratiocinativc action. But sy 
bolism is essentially the work of intelligence. The use which 
make of artificial signs is throughout largely directed by < 
perception of resemblance and analogy, and our discernment 
the value of metaphor as a means of expression. 

When from the ordinary, not the psychological, standpo 
we ask the question, What is a word ? we come back to 
question discused a few pages back. Should words be regarc 
as objective, or as subjective ?-in one sense a question as to 
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right, i.e. the most convenient, use of the term * words ' itselL 
I said in effect that from a philosophical standpoint words 
should be regarded as mental entities, as an integral part or 
domain of thought. We might put it, that just as we are careful 
to distinguish percepts and images from the objective phenomena 
which are their physical correlates (and the fact of distinction is 
common ground, whatever metaphysical theory we may adopt 
as explanatory of it), so we ought to distinguish between words 
and their physical correlates. But, besides thus begging the 
question, we also thus arbitrarily and in defiance of custom 
limit the use of the term. Custom not only sanctions but enjoins 
the application of the term to those physical objects which are 
the characters printed on this page, and to those physical actions 
in which speech consists ; and to custom it is necessary, in 
language above all, to conform. But we must then admit that 
we use the term in a metaphorical as well as in a literal sense. 
Which of the two we should look upon as the literal and which 
as the metaphorical is of less importance than not to lose sight 
of the distinction. As we shall see later on, failure to take into 
consideration either the objective, or again the subjective, aspect 
of words leads to extreme and irreconcilable theories of the. 
relation between thought and language. 1 

Nevertheless, for philosophical purposes, it seems better to 
consider the subjective aspect as the literal meaning, for the reason 
that the literal meaning of any term should be the least am- 
biguous. Now from the moment we observe the distinction 
between the subjective and objective aspects of words, it becomes 
at once evident that the term does not always lend itself to clear 
interpretation as the name of an objective entity. How is this 
entity to be unambiguous and simply identified in speech ? Is 
it the action of the articulatory organs, or the sequence of aerial 
undulations, or the particular vibrations of the tympanum, or 
any other of the physiological processes concerned ; or is it the 
entire series of these actions ? In its subjective aspect, on the 
other hand, a word is a perfectly definite entity, psychologically 
analysable, indeed, into constitutive elements, but none the less 
a definite entity. 

Before I bring this chapter of more or less general considera- 
1 Cf. chap, iii, pp. 48 et seq. 
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the character of the arguments used makes it clear that what we 
are to understand by this is that these several elements of thought 
necessarily involve one another, or exist in the mind only as 
interdependent. It must be remarked, however, that in this 
first chapter no sort of proof is offered that names are involved 
necessarily with the other elements of thought. This is, or 
seems to be, assumed. Proofs or reasons are tendered subse- 
quently. We seem thus to start with an assumption, to be 
subsequently validated, that thought and language are insepar- 
able, in the sense that thinking without words is impossible. 
That this is the real nature of the assumption is clear from 
the following passages. After adducing the names of a number 
of eminent philosophers in support of his view, Max Miiller 
proceeds : 

' But we have now to ask the question, which to my mind is 
most perplexing, How was it possible that not one of these 
philosophers, not even those who fully recognized the inseparable- 
ness of language and thought, should have seen that this dis- 
covery of the true relation of language and thought, or what 
may truly be called this revelation of the oneness of thought 
and language, means a complete revolution in philosophy ? * 

He then adds, a little further on : 

' I have freely and fully admitted that thought may exist 
without words, because other signs may take the place of 
words . . .' J 

There is of course no real contradiction here. The two passages, 
taken together, serve to show in what sense we arc to understand 
the ' inseparablcncss ' : thought has no existence apart from 
signs. The inseparableness is not merely an inseparableness 
which is the result of artificial and long-continued association 
between sign and thought, but an inseparableness a priori, an 
essential identity or oneness. 

But, in fact, this proposition of the ' oneness of thought and 
language ' never gets beyond the stage of assertion. We may 
agree that sensation, perception, and conception arc all neces- 
sarily involved together, are never really isolated, in the process of 
human thought. But on what grounds are we to accept as true 
the allegation that names are necessarily involved with these 
other elements of thought ? I have sought them in vain in 
1 0/>.crt., pp. 50,51. 
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The Science of Thought. We never seem to advance beyond mere 
assertion, or a disguised begging of the question. Here, in the 
following abridged excerpt, we have an instance : 

'We now come to the ... most fiercely contested question, 
namely, whether concepts can exist without words. . . . We 
mean by language what the Greeks called Logos, weird and 
meaning in one, or rather something of which word and meaning 
are only, as it were, the two sides/ 1 

But, evidently, if the relation between thought and language 
is a subject which requires investigation, we are not justified in 
settling the question off-hand by means of a definition. We 4 
thus in effect close the door upon real investigation. 

To those who, judging from analogies of individual action, 
conclude that speechless infants and some of the higher animals 
think, however rudimentarily, Max Miillcr addresses a warning 
against the ' dangers of Menagerie and Nursery Psychology ' 
a telling phrase from the controversialist's point of view. But 
we must refuse to take it for more than it is really worth, that is, 
as a caution against rashness in analogy, not as a prohibition oi 
its use. Upon this point Max Miillcr seems not to have been 
very clear, if we are to judge from the following statement : 

'It has often been said that animals have* sensations and 
percepts, but that one ought not to ascribe to them the posses- 
sion of concepts. Of the conventional animal of the* philosopher 
this may be quite true. We have aright to conclude irom analogy 
that it is so, provided only that we . . . admit that we do not in 
the least know how animals philosophize, and how an ox recog- 
nizes his stable door.' 2 

I suppose this means that we may conclude from analogy, 
provided we admit that the conclusion is without value ; in 
other words, that analogy is here valueless. Vet, alter all, it is 
only upon the same kind of analogy that rests our knowledge of 
one another's thoughts. If I do not in the lead know how an 
ox recognizes his stable door, I seek in vain for any valid reason 
to suppose that I know how my neighbour recogni/.es his house 
door. 1 

The question, once much discussed, whether names are names 
of concepts or names of things, is revived by Max M tiller in 
connexion with the general subject. He agrees' with } . S. Mill in 
1 Op.cit.,p.29. I bid., p. 27. 



Thought and Language 23 

making names signs of concepts, not of things. So far as I know, 
neither side in this discussion appears ever to have accorded the 
least consideration to what is, after all, the essential part of the 
matter, viz. the purpose and intention of the namer ; and this, 
as disclosed by custom, is not doubtful. Names are used at will 
as signs both of concepts and of things, and the reason of this 
obviously lies in the interdependence of percepts and concepts. 
Max Miiller's argument runs as follows : 

' Words are, in their origin, the signs of concepts and not of 
things. ... If we use a general name, if we say Dog, do we mean 
the thing or the concept of it ? Is there anything corresponding 
to Dog ? Is not Dog, like every other name, the name of a thing 
which cannot possibly exist ? Who ever saw a dog ? We may 
see a spaniel, or a greyhound, or a dachshund, we may see 
a black or a white or a brown dog, but a dog no human eye has 
ever seen. Therefore, when we say dog, we can only mean our 
concept of a dog, that is our concept of many or all dogs, and it 
is the name of that concept which we use to denote any single 
dog/ i 

But if the raison d'etre of a name is to denote anything, and 
if the name which denotes the concept is also used ' to denote 
any single dog ', why is it not also the name, or rather a name, 
of that single dog ? It is strange, too, that Max Miiller should 
not have seen that he would not be allowed to stop short at 
spaniels, greyhounds, &c. If no one ever saw a ' dog ', then 
certainly no one ever saw a ' spaniel ', nor even ' a black spaniel ', 
nor yet ' a large black spaniel ', though any one who pleases may 
see my large black spaniel ' Gypsy '. And in answer to the 
question : Is there anything corresponding to Dog ? I see no 
reason why we should not answer, (i) that there are a number 
of things of each of which ' dog ' is a name, and (2) that there 
is our awareness of resemblance between these things, i.e. our 
concept, of which ' dog ' is the name. 

A name, then, is a sign which I associate with every one or any 
one of a number of percepts, actual or reminiscent, simple or 
compound, in accord with the particular concept which involves 
them, and which I also associate with the name. It is true that 
upon the temporary purpose of my thinking, upon the particular 
kind of resemblance which engages my attention depends the 
particular name which I associate with the percept ; and this 
1 Op. cit., p. 78. 



particular name (be It ' dog \ * quadruj**!,' * animal/ &c.) being 
uniqudy associated with the denoted by it, is the name 

of the concept, while it is only one of the of the percept 

or of the thing perceived* To thin extent it is possible to 
with Mill and Max Muller. In short, u general name, being the 
name of a concept, is just if is applicable in turn 

to each of the particulars which involve it and are involved in it. 
Bishop Berkeley, who supposed that the admissi* n oi the existence 
of abstract ideas was an obstacle to the establishment of his 
theory of idealism, used precisely this aruuiwnt in I lit* mistaken 
endeavour to show that abstract ideas, or owcepts, are fig- 
ments. A general name, according to him, is but a name 
successively applied to particulars. 

The theory of the essential identity of tin night and language, 
if true, would deal a blow to the Darwinian doctrine 

of a community of descent between ami mmikey. Con- 

versely, the latter doctrine is so obviously hostile to MAK Mailer's 
theory, that he endeavours to controvert Darwin on this par- 
ticular point. After affirming his general agreement with Darwin 
in principle, he proceeds : 

'I differ from him, however, when wt come to the question 
of the descent of man from sonic unknown awe^stor, because 
I look upon language as a projMTty of nun oi whirh im trace, 
whether actual or potential, has ever Urn Imind in any nther 
animal. I therefore contend that Darwinians, if true' t> the 
principles enunciated by Darwin himself, might t arejt the 
conclusion that man cannot be descended itom anv ihrr animal, 
provided always that 1 can establish my premiss th.it iuu;iut:c is 
really a proprium of man and oi man "only. 

'If we speak simply of the materials, not of tin* element *.. of 

language and the distinction between these tw> \\inl. is hut 

too often overlookedthen, no doubt, we mav say that the 

phonetic materials of the cries of animals and the l.im;ua;es ot 

man are the same. . . . But even after having traced lurk some 

at least of the material elements oi langna't^ to intei jections 

and imitations, people ought not to imagine fur one. innwent that 

they have thus accounted for the real dements * i Lifiruai'v. \\V 

may account for the materials of many things, witht.ut 't'lwrrbv 

accounting for the functions winch they jMTicnn. If we wexe 

to take a number of flints, more or less can-iully rhipu-d and 

tKL? Sha ^ ene '. and Were to sa y il ^ il ^ Mints aiv just 

nt4^ fif th fl^ formed !) y thousand, in ii.-lds and 

n?S S 7l dbe ab01lt M tme as to ^t tl^t t he materials 

of language are the same as the cries of animals or, it may be, 
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the sounds of bells. And if I were to say that apes had been 
seen to use flints (The Pavians in Eastern Africa; see Caspari, 
Urgeschichte, vol. i, p. 244), that they could not have helped 
discovering that sharp-edged flints were the most effective, and 
would therefore have either made a selection of them or tried 
to imitate them, that is to say, to give to raw flints a sharp edge 
that therefore the presence of highly finished flints does in no 
way prove the presence of man what would the antiquaries say 
to such heresies ? And yet to say that no traces of human work- 
manship can be discovered in these flints, that they in no wise 
prove the early existence of man, or that there is no insuperable 
objection to the belief that these flints were made by apes, 
cannot sound half so incongruous to them as to be told that the 
first grammatical edge might have been imparted to our words 
by some lower animals, or that, the materials of language being 
given, everything else, from the neighing of a horse to the lyric 
poetry of Goethe, was a mere question of development. 1 1 

The argument is ingenious ; but its ingenuity lies in the 
avoidance of the real point at issue. Remark, first, that in this 
passage Max Muller was not careful to observe the distinction, 
upon which he himself insisted, between the materials and the 
elements of language. If it is erroneous to say that the chipped 
and shaped flints are the same as the flints found by thousands 
in field and quarry, then the parallel error would lie in an asser- 
tion that the elements of language, i.e. the fashioned or ' gram- 
matically-edged ' materials, are the same as the cries of animals. 
Next, let us suppose that corroborative evidence were forth- 
coming of the use of flints by apes. I can sec no reason why the 
antiquaries should allow themselves to be disturbed by this 
newly established fact, nor why they should not listen with 
perfect composure to the supposition that apes might select- 
flints and even try to imitate those selected. Nor, again, admit- 
ting the supposed facts, why they should think it a heresy to 
say that the existence of such flints in any particular locality 
was no proof of man's early existence there. But they certainly 
would, or ought to, reject any implied conclusion that because 
apes could do these things, therefore an ape-like prehistoric man 
could not have existed, or could not have descended, together 
with such apes, from a common ape-like ancestor. 

The theory of the unity or identity of thought and language, in 

1 Op. ci/.,pp. 175, 176. 
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the sense intended by Max Miill*i, i^ u-rtainly wt established by 

the arguments which he mrwan! ami tirp-d in supjHirt of 

it. But of course it may 1* that although h* failed to make 
good his case, the doctrine may minr thr lr-s hr true. The 
question will force itself t< tlu* imnt >!u'f nmn' in the* discusskm 

of language as an instruineitt at iva^tn ; tlu* subjtrt of tlie 
following chapter. There we shall tnul Ma\ MiilltT defending 
his theory against objections *J an c*vrii nn *rr it nnulal !< clianictcr 
than those which arise from tht* p'ni-ral 'Hn:-,ul*Tations which 
have occupied us from the In^innin^ t> tlu* finl ut tlu* presi^nt 
chapter; and I think It will havr in !* admitted that tlu* argu- 
ments by which he seeks to ddrtid his dittirint* against these 
objections are precisely of th k s;unt* natun* as thsr !y which 
he sought to establish it : when strij>j)i*d oi all irrfh'varu:cs they 
are seen to be mere assertion and ri*-asMTtiHn *t thf dK.:trim. 



CHAPTER III 

LANGUAGE AS AN INSTRUMENT OF REASON 

Sir William Hamilton on Language as an aid to Thought. Ambiguity 
in the statement of the problem. Professor Whitney on the same subject. 
Analysis of the merits and defects of Whitney's view. Verbal and mathe- 
matical symbolism. Professor Stout's distinction between the function 
of words and that of substitute signs. This distinction too trenchant : 
there is community as well as difference of function. -Controversy in 
Nature on the subject of ' Thought without words '.Conclusion as to the 
mode of operation of symbols in aid of the process of thought. Apparent 
agreement with Professor Stout's views. Objective and subjective aspects 
of Language. 

IN Sir William Hamilton's Lectures on Logic there is a passage 
on the aid afforded by language to thought winch is probably 
familiar to most of those who have studied his works. 

' Language -says Hamilton is the attribution of signs to our 
cognitions of tilings. But as a cognition must have been already 
there, before it could receive a sign, consequently that know- 
ledge which is denoted by the formation and application of a 
word must have preceded the symbol which denotes it. ... A sign 
is necessary to give stability to our intellectual progress to 
establish each step in advance as a new starting-point for our 
advance to another beyond. A country may be overrun by an 
armed host, but it is only conquered 'by the establishment of 
fortresses. Words are the fortresses of thought. They enable us 
to utilize our dominion over what we have already overrun in 
thought ; to make every intellectual conquest the basis of 
operations for others still beyond. Or another illustration : You 
have all heard of the process of tunnelling, of tunnelling through 
a sandbank. In this operation it is impossible to succeed unless 
every foot, nay, almost every inch, in our progress be secured 
by an arch of masonry, before we attempt the excavation of 
another. Now, language is to the mind precisely what the arch is 
to the tunnel. The power of thinking and the power of excava- 
tion are not dependent on the word in the one case, on the 
mason-work in the other; but without these subsidiaries, 
neither process could be carried on beyond its rudimentary 
commencement. 1 * 

Mill quotes this passage somewhere in his Examination of Sir 
1 Op. cit., vol. i, p. 138. 
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William Hamilton's Philosophy, and accords it the praise which 
it certainly merits for the aptness and felicity of its illustrative 
analogies. But we must not be uncritical in our admiration. We 
have to ask whether these comparisons really disclose analogy of 
action, or merely suppose it ; whether they in fact make clear 
to us the way in which the verbal process subserves the thinking 
process. We understand how the establishment of fortresses 
subserves the conquest of a country. The mechanism by which 
the mason-work makes possible the process of tunnelling through 
sand is plain to us. But do we thereby at all grasp the mode of 
operation of words in the facilitation of thought ? How does the 
naming of a cognition render the possession of it more secure and 
lasting ? And how does the use of names for images and concepts 
aid, or enable us to carry on, beyond its rudimentary commence- 
ment, any process of reasoning ? 

At first sightone would suppose that the naming of cognitions, 
the attribution of symbols to images and concepts, would consti- 
tute merely an additional burden on the memory, necessary 
indeed for the purpose of effective intercommunication, hut a 
hindrance rather than a help in the prosecution of a train of 
thought. Although self-introspection does not in general confirm 
this view, and is very far from doing so with most people, there 
are some who very definitely assert it. Mr. Francis Gallon, for 
instance, tells us that * It is a serious drawback to me in writing, 
and still more in explaining myself, that I do not so readily think 
in words as otherwise.' l 

We can hardly regard the matter as one merely of personal 

idiosyncrasy, and those will be the less inclined to do so who 

have had experience of the difficulties which attend us, and of 

the illusions to which we are exposed, in the interpretation of 

evidence afforded by self-introspection. The conflicting views 

would tend to harmony if we could admit that the difficulty, 

if not the impossibility of thinking without words experienced 

by so many people, is no more than the difficulty or impossibility 

of severing an association between sign and signification which 

has become spontaneous through the learning of language and 

the constant intercommunication, by means oi words, between 

mind and mind. To admit this, however, would be to admit 

that the more general interpretation of the evidence afforded by 

1 See p. 40 (Quotation from Gulton). 
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self-introspection is erroneous. The truth of the matter is, I 
believe, that neither of the interpretations is wholly adequate 
to the facts. Admitting, as I think we must, that peculiarities 
of mental habit are not altogether negligible factors in seeking 
an answer to the question, Is language an aid in the process of 
reasoning ? yet, in the main, that answer is independent of them. 
We ought rather, as will be seen later, to put the question thus : 
Does the presumed aid which symbols lend to the process of 
reasoning depend upon the content of that process, upon the 
nature of the concepts which are involved in it ? 

Hamilton does not really inform us. Analogies which, how- 
ever ingenious, merely throw a possible hypothesis into the 
form of an explanation, or which do little more than restate 
a problem in the guise of an answer to it, are not here of much 
use to us. 

When we say, in general terms, that language is a necessary 
instrument of human thought, we must remark that this state- 
ment may express the assertion of two very different propositions. 
We must clearly distinguish between the proposition that 
language renders service to the human intellect through the 
dissemination and the perpetuation of knowledge acquired at 
first hand, and the proposition that it affords aid to the individual 
in the conduct of the reasoning process. Otherwise we shall be 
in danger of accepting illustrations and explanations of the one 
proposition as illustrations and explanations of the other. More- 
over, the second proposition, that language affords aid to the 
individual in the conduct of the process of reasoning, is itself 
susceptible of two interpretations if we include, under the term 
' language ', the written as well as the oral form. Every OIK* 
understands how a process of reasoning especially when long and 
complicated is facilitated by embodying it, as it develops, in 
external and permanent symbols. It is quite another matter 
to understand how the internal symbolization of such a process 
as it develops aids the process itself. 

Having heard what an eminent metaphysician and logician 
had to tell us on this subject, let us now consider what a dis- 
tinguished philologist can contribute to it. I take Whitney's 
well-known work, Language and the Stitdy of Language. Under 
the heads ' Difference of Mental Action in Men and other Animals ' 
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and ' Aid given by Language to Thought ', pp. 415-21, will be 
found the following remarks : 

* It has often been remarked that the crow has a capacity to 
count, up to a certain number. If two hunters enter a hut and 
only one comes out, he will not be allured near the place by any 
bait, however tempting ; the same will be the case if three enter 
and two come out, or if four enter and three come outand so 
on, till a number is reached which is beyond his arithmetic. . . . 
Something very like this would be true of men, without language. 
Open for the briefest instant one hand with one corn in it, and 
then again with two, and any one who has an eye can tell the 
difference ; so with two and three, with three and four and so 
on, up to a limit which may vary with the quickness of eye and 
readiness of thought of the counter, results of his natural capacity 
or of his training, but which is surely readied, and soon. Open 
the hand, for instance, with twenty corns, then drop one secretly 
and open it again, and the surest eye that ever looked could not 
detect the loss. . . . But here appears the discordance between 
the human mind and that of the brute. The crow would never 
find out that the heap of twenty is greater than that of nineteen ; 
the man does it without difficulty : he analysis or breaks up 
both into parts, say of four each, the numerical value of which 
he can immediately apprehend, as well as their number ; and 
he at last finds a couple of parts, whereof both he and the crow 
would see that the one exceeds the other. 

* In this power of detailed review, analysis, and comparison, 
now, lies, as I conceive, the first fundamental trait of superiority 
of man's endowment. But this is not all. This would merely 
amount to a great and valuable extension of the limits of imme- 
diate apprehension; whereas the crow knows well that three 
corns are more than two corns, man would be able also to satisty 
himself, in every actual case which should arise, that twenty 
corns are more than nineteen corns, or a hundred corns than 
ninety-nine corns ; and he would be able to make an intelligent 
choice of the larger heap where a crow might cheat himself 
through ignorance. So much is possible without lan^ua^e, nor 
would it alone ever lead to the possession of language. In order 
to this, another kind of analysis is necessary, an analysis which 
separates the qualities of a thing from the thing itself, and con- 
templates them apart. The man, in short, is able to perceive, 
not only that three corns are more than two corns, but that three 
are more than twoa thing which the bird neither does nor can 
do. ^buch a perception makes language possible for lanirua^e 
making is a naming of the properties of things, and of the things 
themselves through these propertiesr-and, combined with the; 
other power which we have just noticed, it creates the possibility 
also ot an indefinite progression in thinking and reasoning by 
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means of language. Signs being found for the conceptions * ' one ", 
" two," " three/' and so on, we can proceed to build them up into 
any higher aggregate that we choose, following each step of 
combination with a sign, and with that sign associating the result 
of the process that made it, so as to be effectually relieved of the 
necessity of performing the process over again in each new case ' 

We may, I think, put it thus : Images are, in general, inade- 
quate to represent number-concepts. The artifice of naming or 
symbolizing numbers springs from a co-ordination of the concept 
of number in general with that of order, the essential trait in the 
invention of numerical names or symbols lying in their fixed 
serial association in memory, so that the relations of temporal 
or spatial order between the names or other symbols give us the 
relations of number between the aggregates symbolized. 

A complete and convincing explanation of the difference of 
mental action between man and brute would evidently contain 
a complete explanation of the relations of thought and language. 
But even in the mere fragment of an explanation which Whitney 
gives us of this difference of mental action there is room for 
a good deal of scepticism. It is easy to admit that in the power 
of detailed comparison and analysis lies the fundamental trait 
of man's superiority of endowment over the brute. But what 
are the grounds on which rest the assertions that man separates 
the qualities of a thing from the thing itself and contemplates 
them apart, while other animals are unable to do this ; that 
man perceives three to be more than two, while the crow neither 
does nor can perceive this ? Take the latter of these two state- 
ments first. If it be admitted that the crow perceives three 
hunters to be more than two hunters, three corns to be more 
than two corns, three crows to be more than two crows, and so 
forth, is not this to admit that the crow is aware of that difference 
between aggregates of men, corns, crows, &c., which we say is 
the difference between three and two ? I do not see how, with 
any assurance, we are to deny this knowledge to the crow. And, 
to make the denial more difficult, we have only to consider that 
the crow refuses to be drawn when any three hunters enter the 
hut and only two leave it. He knows, then, that any three 
hunters are more than any two hunters, that any three corns 
are more than any two corns, and so on. But this is to know 
that any three things are more than any two. What more do we 
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know in knowing that three are more than two ? This only : that 
the amplitude of interests and desires being the measure of the 
world of things for every animate being, man knows more than 
does the crow in knowing that three are more than two, apart 
altogether from his ability to give symbolic expression to this 
knowledge, It is a difference of degree, not of kind. 

Next, the more general assertion about qualities. I am not 
sure that I understand exactly what is meant by contemplating 
a quality apart from a thing. If it is meant that we can contem- 
plate a quality apart from any image (whether visual or other) 
in which the quality is represented or typified, I must answer 
that, so far as I am concerned, I cannot do this. The image 
embodying the quality may be fleeting, unstable, fragmentary, 
but if there is no representative image at all, I am not contem- 
plating a quality, though I may be contemplating a name. If 
the name evokes the recollection of a quality, I am contemplating 
that quality in an image which is, for the time being, typical. 
Make abstraction of aH typical or representative imagery and 
nothing remains but the symbol and the knowledge that it is 
a symbol. If, on the other hand, by the ability to comtemplate 
quality apart from a thing, Whitney meant the capacity to see 
the general in the particular, which is the ability to form general 
ideas, then he was not consistent in his views, for he affirms in 
the most explicit way that some animals other than man are 
capable of forming general ideas : 

' No one can successfully deny to the dog the possession of an 
intelligence which is real, even though limited by boundaries 
much ^narrower than those which shut in our own. . . . And 
anything wearing even the semblance of intelligence necessarily 
implies the power to form general ideas. It is little short of 
absurd to maintain, for instance, that the dog, and many another 
animal, does not fully apprehend the idea of a human being ; docs 
not, whenever it sees a new individual of the class, recognize it as 
such, as having like qualities, and able to do like things, with 
other individuals of the same class whom it has seen before. . . . 
And how is any application of the results of past experience to 
the government of present action such as the brutes are 
abundantly capable of possible without the aid of general 
conception ? ' (p. 439). b 

That the range of mental action is in man far ampler than in 
other animals, rather than that there is any difference in the 
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mode of action is, so far, all that we seem entitled to affirm. Let 
us next consider the validity, and the bearing upon our subject, 
of the statement that ' language-making is a naming of the 
properties of things, and of the things themselves through these 
properties ' an opinion which is explained and defended as 
follows : 

' Let any one of us, even now, after all our long training in the 
expression of our conceptions, attempt to convey to another 
person his idea of some sensible thing, and he will inevitably 
find himself reviewing its distinctive qualities, and selecting 
those which he shall intimate, by such signs as he can make 
intelligible : there is no other way in which we can make a 
definition or description, whether for our own use or that of 
anybody else. If, for example, a dog is the subject of our effort, 
we compare our conception of him with those of other sensible! 
objects, and note its specific differencesas his animality, shape, 
size, disposition, voice. This is so essentially a human procedure 
that we cannot conceive of the first makers of language as follow- 
ing any other. Then, in finding a designation, it would be 
impossible to include and body forth together the sum of observed 
qualities : in the first instance, not less than in all after time, 
some one among them would necessarily be made the ground of 
appellation. The sign produced would naturally vary with the 
instrumentality used to produce it, and the sense to which it 
was addressed : in the instance which we have supposed, if the 
means of communication were writing, it would probably be the 
outlined figure of a dog ; if gesture, an imitation of some charac- 
teristic visible act like biting, or wagging the tail ; if the voice, 
not less evidently an imitation of the audible act of barking : 
the dog's primal designation would be bow-wow, or something 
equivalent to it. But in this designation would be directly 
intimated the act ; the actor would be suggested by implication 
merely : bow-wow, as name for " dog ", would literally mean 
" the animal that bow-wows ".' 

All this appears to be as sound in sense as it is clear in expres- 
sion ; and we may remark in passing that it in no way commits 
us to the theory that language was solely onomatopoetic in its 
origin : a foundation assuredly far too slender to support the 
weight and bulk of the fabric subsequently erected. But perhaps 
we shall the better understand how the expression of thought, 
starting from the purely mimetic gesture, became what it is now 
and long has been, that is, conventional and symbolic, if, while 
not contesting the truth of Whitney's view, we consider an 
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aspect of the matter on which he seems hardly to have dwelt 
with sufficient insistence : the intent and purpose of the namer. 
If, as in the instance contemplated by Whitney, the namer's 
purpose is to evoke the idea of a dog, and not merely to suggest 
by imitation that action of the dog which we call barking, ought 
we not then to say that, for him, bow-wow is the name of the dog, 
and is not the name, but is simply an imitation, of the action ? 
Even in its origin, the essential function of a sign must frequently 
have been to evoke something other than, and different from; 
itself, something which, in experience, is associated with it ; in 
other words, to suggest to the mind what is not depicted to the 
sense. The step from this to strictly conventional association, 
to the pure symbol as sign, is a long one ; but it is facilitated just 
because, from the outset, the mimetic action was commonly 
intended on the one hand, and understood on the other, to direct 
attention to something beyond and besides that which it imitates. 
The proposition that qualities, properties, and actions in the 
abstract were the earliest subjects of naming is thus seen to be 
somewhat ambiguous. If ' naming ', over and above what we 
commonly understand by the term, is also intended to cover 
' imitation ', then the proposition might be held to be true. But 
in what seems to be its literal sense, viz. that these abstractions, 
rather than the concrete experiences whence they derive, were 
what aboriginal man intended, by means of mimetic action, to 
converse about, it is surely not admissible ; arid it derives no 
support at all from what we know, or can surmise, of the habits 
of mind of savage tribes. 1 

Upon the more general question, How does language serve the 
process of thought in the individual, Whitney expresses himself 
as follows : 

1 In every department of thought, the mind derives from the 
possession of speech something of the same advantage, and in 
the same way, as in mathematical reasoning. The idea which 
has found its incarnation in a word becomes thereby a subject 
of clearer apprehension and more manageable uses : it can be 
turned over, compared, limited, placed in distinct connexion 
with other ideas ; more than one mind, more than one generation 

1 Consult, on this point, Tylor's Primitive Culture, in numerous passages ; 
Sayce's Introduction to the Science of Language, vol. ii, p. 4 ; also that less 
well-known but original work, E. J. Payne's History of the New World called 
America t vol. ii, p. 109. 
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of minds, can work at it, giving it shape, and relation, and 
significance. In every word is recorded the result of a mental 
process, of abstraction or of combination ; which process, being 
thus recorded, can be taught along with its sign, or its result can 
be used as a step to something higher or deeper.' l 

Again ('Darwinism and Language/ North American Review, 
July, 1874) : 

' thought is possible without language, but reflection is not ; 
the thinker cannot hold up his thought before his own mental 
eye (at least, otherwise than in the most imperfect way) without 
the aid of symbols ; words bring thought under the full review 
of consciousness.' 

Finally : 

' If we are pressed to say in what mode of action, more than in 
any other, lies that deficiency in the powers of the lower animals 
which puts language beyond their reach, we need have little 
hesitation in answering that it is the inferiority of the command 
which consciousness in them exercises over the mental operations : 
in their inability to hold up their conceptions before their own 
gaze, to trace out the steps of reasoning, to analyse and compare 
in a leisurely manner, separating qualities and relations from 
one another, so as to perceive that each is capable of distinct 
designation/ 2 

It seems to me there is here but very little advance on Hamilton. 
The same doubts and questions suggest themselves over again. 
We do not see how language does all this which it is supposed to 
do. Is it a fact that ' the idea which has found its incarnation in 
a word becomes thereby a subject of clearer apprehension and 
more manageable uses'? It may be so. It would certainly be 
rash to deny it; but it is not by any means self-evident. If I have 
an idea, and learn its name, it is certainly not obvious to me that 
I shall now more clearly apprehend the idea. If it is urged thai 
the name, in its metaphorical applications, reveals the relations 
of the idea to other ideas, I would reply that this may be true, 
sometimes, of the way in which the individual acquires knowledge 
at second-hand in learning language, but that this has nothing 
to do with the present question. It is clear that the original 
metaphorical use of a name waits upon the recognition of resem- 
blance or analogy. While not contradicting the opinion that 

1 Language and the Study of Language , p. 419. 
* Ibid., p. 440. 
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the incarnation of an idea in a word enables us to turn it over, 
to compare it, limit it, place it in distinct connexion with other 
ideas, we can affirm with far greater certitude that if we have 
an idea which is unnamed, it is the turning it over, the comparing 
it with other ideas, the discernment of its relations, of its differ- 
ences from and its analogies with other ideas, which determine 
our choice of a name (by metaphor) for it from the available 
vocabulary, or of the existing materials for the coining of a new 
word. For we see this process actually at work, not only in the 
development of the terminology of the sciences, arts, and indus- 
tries, but in the endeavours of young children to express ideas the 
names of which they have not yet learnt. 

Whitney was on the right track in the opening sentence of the 
first of the above three excerpts, but he wandered off it. ' In 
every department of thought, the mind derives from the possession 
of speech something of the same advantage, and in the same 
way, as in mathematical reasoning.' There are two ways in which 
mathematical symbols aid mathematical reasoning. There is 
the particular way to which Whitney called attention : the 
artifice which underlies the naming of numbers, and which confers 
upon the process its real efficacy. It is clear that, whatever may 
be the mode in which words aid the reasoning process in general, 
it does not consist in this artifice. The other way, which Whitney 
barely noticed in passing, is familiar to us all: we can, and 
commonly do, use mathematical symbols in much the same way 
as we use counters in a game of cards ; that is, with a knowledge 
of, but with no immediate attention to, their meaning. Now 
I believe that to some extent, but in a very much less marked 
manner, we can and do thus use words in general reasoning. 
Certain errors in reasoning, to which we are aU liable, are readily 
explicable on this assumption that words are often used as 
mental counters. On the other hand, it is easy to see that sucli 
a use of words greatly expedites the process of reasoning, for it 
relieves us as much as we please, or as we dare to let it do so, of the 
burden of attending to the content of conception, and leaves us 
with the greater freedom to attend to the process of inference, 
or of deduction. 

But it seems to have been denied, if not specifically, at least 
by implication, that words, as well as mathematical symbols, 
are used as mental counters* Some years aero, in the panes of 



Language as an Instrument of Reason 37 

Mind, Professor Stout gave us the following neat definition : 
' A word is an instrument for thinking about the meaning which 
it expresses ; a substitute sign is a means of not thinking about 
the meaning which it symbolizes/ l This definition seems to 
have arrested attention and to have met with general acceptance. 
It is seductive, it is neatly antithetical, and it expresses with 
felicitous clearness the author's meaning. But is it quite true ? 
It is an exaggeration. The distinction of function is drawn in 
terms so trenchant as to call for a mild protest : there is com- 
munity of function as well. Be it remarked, first, that words, no 
less than substitute signs, are symbols, and that a substitute sign 
is a symbol which, usually for brevity's sake, is substituted for 
a number of other symbols. A mathematical symbol is a substi- 
tute sign in virtue of the definition we give of it in words ; but the 
words are themselves symbols, and the intent of the definition 
is that the meaning attributed to the words is to be the meaning 
of the sign substituted for them. We must not let ourselves be 
led astray by the custom of language, which will have it that 
words express meaning while substitute signs symbolize it. It 
is as well to remember that it is we who express words and other 
signs, while the words and other signs symbolize what we mean. 
The distinction is one of degree rather than of kind. In our 
use of substitute signs we avail ourselves of them more as mental 
counters, and less as symbols whose meanings need meditation, 
than we do in the case of words. But, at bottom, what governs 
the use we make of cither, and in cither capacity, is the nature of 
the conceptual system which is the subject of symbolization. 
Where that system is clear, definite, and stable, that is, where 
the work of conception is, in the mind of the conceiver, complete, 
the symbol naturally and advantageously lends itself to use as 
a mental counter. That words, as well as substitute signs, are 
very frequently used as mental counters is hardly open to 
question. I pass by the evidence afforded by self-introspection, 
because the habit of self-introspection, with reference to purely 
intellectual processes, is rare, and is of little use when not carried 
out methodically. But, to return to a point already alluded to, 
it is a matter of common knowledge, and within every one's 
experience, that in the course of reasoning on any subject we are 
all liable to be betrayed into false or ambiguous conclusions 
1 Mind, April, 1891. 
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through inadvertently using a term or a phrase in more than one 
sense. Now if it were true that in deliberate reasoning we always 
use the word as a means of thinking of the meaning which it 
expresses, and never as a mental counter, the frequency with which 
this fault is committed, even by careful thinkers, would be inex- 
plicable. The inadvertence arises from failing recollection of the 
sense attributed to the word at the outset. But it is obvious 
that if this meaning were fully recalled every time the word is 
used in the course of the argument, the probability of an unin- 
tentional modification of meaning would be practically nil. On 
the other hand, if in the intermediate steps of the argument the 
word is used more or less as a counter, with at most but a very 
perfunctory recall of the meaning, the frequency with which 
an unintentional change of meaning creeps into a train of reasoning 
is readily comprehensible. 

If it can be granted that, in general reasoning, we employ 
words to some extent as we use substitute signs in mathematical 
reasoning, then it is granted that the use of words in the process 
of reasoning expedites that process : there is economy of mental 
effort. But, as we have seen, much more than this is claimed 
for language as an instrument of thought. It is claimed that it 
enlarges the scope of the reasoning process and lends stability to 
it. There is obviously a sense in which it may be said that 
language enlarges the scope of the process of reasoning when it is 
admitted that it expedites that process. But this is not what is 
meant here. The claim is that in the thinker's use of words the 
field of conception is broadened, thus providing a greater wealth 
of material for the exercise of the process or, at the least, ren- 
dering that material more readily available. So far, however, 
we have been unable to see how the use of words in thinking can 
effect anything like this. Methodical observation and experi- 
ment sometimes widen the field of conception because they lead 
to the discovery of resemblances and analogies on the one hand 
and of distinctions on the other, both of which, the one directly, 
and the other indirectly, involve extension of acquired concepts 
or acquisition of new ones. Reflection upon, and comparison of, 
acquired concepts will also at times issue in the discernment 
of differences and similarities previously unnoticed . If we assume, 
with Whitney, that the ability to reflect is dependent upon words', 
this no doubt settles the question, but it is to abandon anv attcmot 
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at explanation, and at the same time it obliges us to ignore the 
emphatic assertion of competent witnesses that they ' think less 
easily in words than otherwise '. On the other hand, if we accept 
the latter statement without qualification, as an adequate expres- 
sion of the experience of those who make it, we must then conclude 
either (i) that the value of language as an instrument in the 
process of thought is simply a matter of personal idiosyncrasy, 
or (2) that the common belief that subjective verbal formulation 
is a help in, if not a necessary condition of, carrying out this 
process, is an illusion, the origin of which is to be found in the 
difficulty we experience when we endeavour to dissociate language 
from the process. 

I am quite unable to accept either of these conclusions, and 
I suppose hardly any one who has thought over the matter would 
be prepared to do so. The conflict of opinion is no doubt real, 
but, as so often happens in other disputes, it is partly due to lack 
of mutual understanding, to the employment on both sides of the 
same general terms without sufficiently close agreement in the 
meanings attributed to them. Some years ago an interesting 
discussion on the subject appeared in the pages of Nature, among 
the disputants being Max Miiller, Romanes, and Francis Galton. 
A critical estimate of this discussion will, I think, enable us to 
ascertain the real facts, and thus put us in the way to arrive at 
a definite and satisfactory conclusion. The discussion arose from 
the publication in 1887 of Max Muller's Science of Thought, 
followed by his delivery of three lectures at the Royal Institute 
on the same subject. The entire correspondence, as it appeared 
in Nature, is reprinted as an appendix to the said lectures. 1 The 
main point at issue can be made sufficiently plain by a few brief 
extracts from the letters of Galton and Max Miiller. 

Galton, in his first letter, writes : 

' It happens that I take pleasure in mechanical contrivances ; 
the simpler of these are thought out by me absolutely without 
the use of any mental words.' 

He also gives as examples the thinking out of strokes in billiards, 
and the calculation of moves in chess, by eye alone. 

' In simple algebra, I never use mental words. ... In simple 
geometry I always work with actual or mental lines ; in fact, I fail 
to arrive at the full conviction that a problem is fairly taken in 
1 Three Introductory Lectures on the Science of Thought, 1888. 
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by me, unless I have contrived somehow to disembarrass it of 
words. It is a serious drawback to me in writing, and still more 
in explaining myself, that I do not so easily think in words as 
otherwise. Professor Max Miiller ... has fallen into the common 
error of others not long since, but which I hoped had now become 
obsolete, of believing that the minds of every one else are like 
one's own.' 

All these instances which Galton gives of reasoning without 
words, and of the oppression of words in reasoning, are, with one 
exception, instances for him whatever they may be for any one 
e l se __of reasoning by means of representative or typical images, 
and, whether symbolic images or words accompany the process 
or not, it is easy to understand that when they do, the reasoner 
should find them useless and even burdensome. The one excep- 
tion to which I allude is algebra. Galton spoilt his case by 
including this instance among the others, and Max Miiller at once 
fastened on the weak point, urging with unquestionable force 
that ' in algebra we are dealing not only with words, but with 
words of words. . . .' The fact is, of course, that algebra is a 
mode of reasoning almost purely symbolic ; and although Galton 
was no doubt formally justified in the bare statement that he 
did not use words in algebraic reasoning, it argues a curious 
blindness to the fundamental question involved in the discussion 
that he should have put simple algebra side by side with simple 
geometry ; the latter being a subject for which, in the actual 
ratiocinative process, symbols are wholly superfluous. It may 
be added, too, that the remark about believing the minds of 
every one else to be like one's own, though it emphasizes a caution 
which should not be neglected, was here somewhat out of place : 
as Max Miiller justly contended in his reply, ' the identity oi 
language and reason can hardly be treated as a matter of idio- 
syncrasy. 5 

But, as against the genuine instances of unsymbolic thinking 
adduced by Galton, what sort of arguments did Max Miiller 
urge ? Galton says in one of his letters : 

'There are street improvements in progress hereabouts. 
I set myself to think, by mental picture only, whether the pulling 
down of a certain tobacconist's shop . . . would afford a good 
opening for a needed thoroughfare. Now, on first perceiving the 
image, it was associated with a mental perception of the smell of 
the shop. I inhibited that mental smell because it had nothing 
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to do with what I wanted to think out. So words often arise in 
my own mind merely through association with what I am thinking 
about ; they are not the things that my mind is dealing with ; 
they are superfluous and they are embarrassments, so I inhibit 
them.' 

To this Max Miiller answers : ' You say . . . you inhibit any 
mental word from presenting itself. What does that mean if not 
that the mental words are there/ But of course no one disputes, 
or could dispute, the fact which Max Miiller here irrelevantly 
asserts. Is it necessary to point out that the question is whether, 
in the given instance, the words which admittedly are present 
are unessential adjuncts to the process of reasoning, or necessary 
instruments in that process ? Again, with regard to chess- 
playing, Max Miiller argues that ' a chess-player may be very 
silent, but he deals all the time with thought-words or word- 
thoughts. How could it be otherwise ? ' This is mere reiteration. 
If chess-players are mistaken in supposing that they play entirely 
by means of visual imagery, they will never be convinced of their 
mistake by such an argument ; nor by the one which follows : 
' I thought that to move a castle according to the character and 
rules originally assigned to it was to deal with a word-thought 
or thought- word. What is a " castle " in chess, if not a thought- 
word or word-thought ? I did not use the verb " to deal " in 
the sense of pronouncing, or rehearsing, or defining, but of handling 
or moving according to understood rules/ But what is asserted 
is that chess-players can, whether in act or in imagination, move 
a ' castle ' according to assigned character and understood rule 
without any need for its name or for any verbal formulation, 
silent or other, of character and rule. 

Finally, being hard pressed to justify his general conclusion, 
Max Miiller is driven to the. too common expedient of slipping it 
by definition into the premisses of his argument : ' In the same 
manner, when Professor Romanes takes me to task because I 
said that no one truly thinks who does not speak, and that no one 
truly speaks who does not think, he had only to lay the accent 
on truly, and he would have understood what I meant namely, 
that in the true sense of these words, as defined by myself, no 
one thinks who does not directly or indirectly speak, and that no 
one can be said to speak who does not at the same time think/ 
Every one, it has often been said, is at liberty to define the sense 
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in which he uses particular terms, but more certainly still is 
every one free to ignore a definition which begs a point at issue. 

I have drawn attention to this debate in Nature because it 
helps to make plainer still what was already, I should imagine, 
tolerably plain : that the value of language or of symbolism of 
any kind in the prosecution of the thought-process very largely 
depends upon the content of that process, that is to say, upon the 
nature of the subject thought about. But, if I am not mistaken, 
it does very much more than this. It puts us on the track of the 
main cause of the efficacy of the symbol in the mental develop- 
ment of the individual, irrespective of the advantage we may 
derive from it when judiciously used as a labour-saving device. 

Max Miiller's doctrine of the essential unity of thought and 
language, as we saw in the first chapter, is irreconcilable with the 
modern belief in the continuity of development. To admit it 
is to admit the existence of a sheer abyss between mental action 
in man and mental action in other animals. Nay, more than this, 
it is to deprive the expression ' mental action ', when predicated 
of the other animals, of any intelligible meaning. We can then 
hardly avoid taking the retrograde step to Descartes, and declare 
the brutes to be automatons ; for if analogy of the brutes' actions 
with man's is insecure ground for the belief that they think, the 
belief that they feel is no better founded. 

Perception, according to Professor Binet, is itself a rudimentary 
process of reasoning. 1 Even if we are unprepared to admit the 
proposition on the evidence afforded by experiments in hypnosis 
and other hallucinatory states, we can scarcely read the analyses 
given by psychologists of the process of normal perception without 
discerning the close analogy between this process and that which 
goes by the name of reasoning. Symbolic images forming no 
part of the brutes' process of thought we cannot conceive this 
process in the animal, otherwise than as embodied in represen- 
tative images ; but we can do little more than guess in a vague 
way at the extent, the fullness of conception which is involved 
in the perceiving even of the higher animals ; it is, in other words, 
a matter of conjecture under how many aspects an image is 
recognized by the animal, to what extent it may be representative 
or typical. The greater we admit the difference to be between 
1 Alfred Binet, The Psychology of Reasoning, chap. iii. 
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the man's and the brute's ability to discern similarities and 
dissimilarities, analogies and distinctions, the more we circum- 
scribe the field of conception in the brute's mind by comparison 
with man's. 

But now let us make abstraction of this difference in innate 
capacity of discernment, and consider merely the fact that man 
associates symbolic with representative images while the brute 
does not. If we reflect that a symbolic image, a conventional 
sign, a name, has no sort of likeness to the things or mental 
images with which it is associated, a sudden flood of light is 
thrown upon the subject, the enormous importance of the symbol 
breaks in upon us, and we see in the fact of such association not, 
indeed, the secret of the greater powers of thought in the man- 
for this secret lies hidden in the unknown differences of cerebral 
organization but the principal means by which man's thinking 
gains amplitude in its range and stability in its results. For must 
not this association of names or of purely symbolic images of any 
kind with representative images tend to counteract a tendency 
inevitable where the process of thought is embodied solely in 
representative imagery : the tendency to mental reinstatement of 
less general concepts at the expense of more general ones ? Resem- 
blance is not only of many kinds, but of varying degree in each 
kind ; remote likenesses are less readily cognized, arrest attention 
less, than those that are more immediate. The recognition of 
a thing or of a mental image is the awareness of its similarity to 
other things or images. Since this awareness is the more vivid 
the closer is the degree of likeness, it follows that the concepts 
involved in and represented by the images in a train of mental 
imagery must commonly possess but a low degree of generality- 
it is not that there need be incapacity to discern remote likenesses 
or analogies ; the point is that the mechanism of recall or 
reinstatement diminishes in effectiveness with the increase in 
degree of generality of the resemblances or analogies which may 
have been discerned. We may put it that representative imagery, 
when not associated with symbols, tends to limit the scope of 
inference because it hinders the ready availability of general 
concepts as ground or material for inference. 

How does the association of symbolic with representative 
images tend to counteract this cramping effect ; how does it help 
to remove the obstacle to easy reinstatement of general concepts ? 



44 Language as an Instrument of Reason 

The answer is plain : because the association is artificial ; because 
the connexion of the same name with each one of a series of 
mental images, themselves associated in virtue of some common 
likeness, is an artificial connexion. Of a number of images 
which, while differing from one another in varying degree, have 
been classed together under a common name because of a common 
likeness, no one is any more or less like the name than is any 
other, no one has any closer natural connexion with it than has 
any other. If an image evokes a common name, the name may 
in its turn as readily recall any one as any other of the more or 
less like images with which it has been associated as a name, 
while the tendency of the (representative) image must be to recall 
those more closely associated with it in likeness. 

I perceive or recollect an object. There is something, an 
element of the percept or image which, in my present apperceptive 
mood, specially arrests my attention. This element is in my 
mind associated with, and evokes, a name : the word f green '. 
But it is also associated with and may evoke another name : the 
word c colour '. This word has been associated with, has evoked 
and has been evoked by a number of other elements (in other 
percepts and images) between which I have discerned a certain 
definite similarity. We may say that this word ' colour ' is the 
name of the concept involved in the discernment of this similarity, 
while it is a name of every one of the elements subsumed under 
the concept. Again, I perceive or recollect an object which is 
associated in my mind with the word ' horse '. But it is also 
associated in my mind with such terms as * animal ', ' herbivore/ 
' mammal/ ' domestic.' It does not follow, of course, that when 
I perceive or recollect a horse all or any one of these other names 
will be evoked, but the fact that they are all associated with the 
percept or image, and may be recalled by it, constitutes a means 
of reinstating concepts which is lacking in the mind in which an 
unsymbolic image is the sole link of recall for the various concepts 
under which it may have been at various times subsumed. It 
is a means of making the process of thought more discursive, and 
this, when the means is under the control of the thinker, is invalu- 
able. It is obviously one of the most important conditions of 
mental progress. 

We may, then, define one of the essential functions of words in 
the process of thought to be the readier recall of those concepts 
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which are not immediately involved in ordinary recognition. In 
the constant recall through verbal association of the more 
general concepts and abstractions they become permanent, 
instead of fugitive possessions. It is upon the permanence, the 
familiarity with, general concepts and abstractions that depends 
the possibility of general inferences ; one thus realizes vividly 
enough how words, as instruments for thinking of the meanings 
which they express, enormously enlarge the scope of the ratio- 
cinative process : and we have already seen how, as substitute 
signs, they may expedite the conduct of the process. It will also 
be clear that the character and extent of these two aids to 
reasoning, their effective application, must depend largely upon 
the nature of the subject of reasoning, that is, upon the nature 
of the conceptions involved in that subject ; that in some subjects 
these aids may altogether vanish ; that words may become super- 
fluous, may even become embarrassing, in the conduct of the 
process. 

This sketch of the relations of thought and language was 
written now a good many years ago. The subject is evidently 
one proper to the psychologist, but it is only within the last 
decade, so far as I know, that it has received from psychologists 
the attention it deserves. In this connexion I should like to 
refer to Professor Stout's Analytic Psychology and Manual of 
Psychology, A careful perusal of these two works showed me the 
necessity of making some corrections in the original draft of my 
sketch, of toning down here and there an opinion too trenchantly 
expressed, and of bringing the terminology into closer accord 
with that now generally current in psychological analysis. But 
in its essential features I have left it unaltered, and I do not 
think there is any point on which I may not agree with that 
author, which is at the same time a point of vital import- 
ance in relation to the subjects discussed in the rest of this 
work. 

It is true that Dr. Stout holds, generally, that conception, save 
of the most rudimentary kind, is not possible without language ; 
but if I understand him, this opinion is not pressed absolutely, 
without qualification and attenuation, so that I do not know 
how far I may be in real opposition to him in regarding the 
ability to form concepts as a precondition both of the invention 
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and the learning of language. 1 But real opposition^there certainly 
is if it is affirmed that awareness of resemblance between par- 
ticulars is not properly speaking a concept, or 'cognition of 
a universal as distinguished from the particulars which it unifies ' ; 2 
and if it is further affirmed that this kind of cognition is possible 
only through the agency of language. I do not see my way to 
come round to this opinion. My difficulty as to the first point is 
that I can find no real distinction between the cognition of a 
universal and the apprehension of the kind of resemblance which 
connects the particulars. Special stress is laid, in the explana- 
tion, on the qualifying words ' as distinguished from '. I dis- 
tinguish the universal from the particulars which it unifies, but 
this means to me no more than that I attend to a common feature 
by contrast with the differences which constitute the individuality 
of the particulars. It is easy to say that this synthetic-analytic 
process is one ' which probably cannot take place except in a very 
rudimentary form without the aid of language ', but is there any 
good reason for supposing that relative ability to form concepts 
depends upon anything else than relative acuteness of discern- 
ment and interest in surroundings, that is, upon relative develop- 
ment of the brain ? Familiar and effective possession of concepts 
sporadically formed is another matter. 

Words, as instrumental in the process of thought, have in my 
view two distinct functions : (i) they accelerate the process 
when we use them as substitute signs ; (2) they broaden the basis 
of effective conception in their vast superiority to representative 
imagery for the embodiment of conceptions of a high degree of 
generality, in addition to which they must also be more effective 
than representative imagery in maintaining definite distinction 
between very similar or closely allied concepts. This second 
function depends upon the very nature of the symbol as some- 
thing wholly unlike, and in no natural way connected with, that 
which it symbolizes. There is, I think, a fairly close connexion 
between this view and what Dr. Stout says about the short- 
comings of gesture-language : 

'The primary and essential procedure of the language of 

1 Cf. Analytic Psychology, vol. ii, chap. ix. 

2 Dictionary of Philosophy and Psychology, vol. i, p. 208. Professors 
Stout and Baldwin are jointly responsible for the definition and the 
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natural signs is to represent things and processes by imitating the 
broad features of their sensible appearance and especially of 
their appearance to the eye. But the characters which are 
capable of being so imitated are of a comparatively low grade 
of generality or abstractness. They represent an analysis of 
perceptual experience into universals and its reconstruction out of 
these universals. But the universals themselves are very far 
from being simple and ultimate. They in their turn are intrin- 
sically susceptible of analysis, and constituents thus revealed 
are again susceptible of further analysis, and so on. Now the 
more advanced is this process of dissection, the more helpless is 
pictorial representation to express the result either within the 
individual consciousness or in the intercourse of different minds. 
But the power of mentally representing a universal is simply the 
power of conceiving it. Where the mental representation does 
not exist, the conception does not exist. Hence a mind whose 
discursive thinking could only find expression in self-interpreting 
signs, would be incapable of the higher reaches of abstraction. 1 
Broadly speaking, natural signs are capable of fixing attention 
on universals which are constitutive characters of particular 
objects as presented in perceptual experience ; but they can only 
to a very limited extent fix attention on universals which are 
constitutive characters of other universals. The thinking which 
depends on the imitative gesture generates concepts ; but it can 
hardly generate a conceptual system, in which there is an ascend- 
ing scale of generalization, passing from species to genus, and from 
genus to higher genus, and so on through a series of gradations till 
the highest genus is reached. It seems beyond the unaided 
powers of the thought which works through natural signs to 
frame a system of classification/ 2 

Substitute, for natural signs, representative imagery (and all 
non-symbolic imagery, in so far as recognized, is necessarily 
representative), whether susceptible or not of ' natural ' expres- 
sion, and much that is said in the above passage as to the limita- 
tions of natural signs for the individual consciousness applies to 
representative imagery. And I doubt not that Professor Stout 

1 I do not think this necessarily follows. Why should not the power 
of conceiving outrun the range of self-interpreting signs ; and is it not in 
the highest degree probable that the development of convention in ex- 
pression was due mainly to such a condition of things ? Given the invention 
of an artificial sign for a hitherto unexpressed and unusual general con- 
ception, and it will become a permanent intellectual possession, partly 
because it will no longer be ousted by the less general conceptions more 
immediately involved in representative imagery, partly because it becomes; 
a possible subject of intercommunication. 

2 Manual of Psychology t 2nd edition, pp. 504, 505. 
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would in substance agree with the view that the value of the 
artificial sign in the expanding process of conception lies precisely 
in the fact that it is not representative, but symbolic. 

I conclude with a reference to the footnote on page 19. In 
there laying stress on the necessity of admitting both the objective 
and the subjective aspects of language, I had in mind those two 
flatly contradictory theories of the relations of thought and 
language of which Max Miiller and Whitney were respectively 
exponents. For Max Miijler, thought and language being essen- 
tially one, language could be nothing but subjective. According 
to Whitney, language is, on the contrary, essentially objective : 

' The essential determining element in any real theory of the 
beginnings of speech must be the same recognition of the true 
nature of speech which we have already found efficient above in 
deciding other questions : namely, that words are only external 
signs for conception/ 1 

If we disengage each of these opposed views from the erroneous 
implications involved in it, they become complementary. In so 
far as Max Miiller's exposition is to be taken as a justification of 
the literal identity, the ' essential oneness ' of name and concept, 
sign and signification, word and meaning, it cannot stand : we 
can no more shut our eyes to the enigmatic nature of the asser- 
tion than to the incongruities and obscurities which abound in 
the endeavour to substantiate it. Yet when we reflect upon the 
insistence with which to the very end, and notwithstanding the 
most damaging criticism, Max Miiller steadfastly upheld his theory, 
we cannot help suspecting that there must have been throughout 
in Ms mind the persistent consciousness of some essential fact 
which his opponents neglected. And, indeed, if we must brush 
aside that impossible identity for which Max Miiller strove, and 
that vain attempt to establish an absolute discontinuity between 
the thinking of animals and that of man, this does not prevent 
us from admitting that unity of language and thought winch is 
the clear recognition of the fact that a word, in its subjective 
aspect, is an element of thought. Moreover, although we cannot 
assent to the unqualified statement that there is ' no language 
without reason, and no reason without language ', we may allow 
it to pass in so far as it gives expression to the highly probable 

1 Max Miiller and the Science of Language. 
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fact that the ratiocinative process in man, when it involves 
conception of a high degree of generality, or of nice gradation, 
can be effectively conducted only by the use of symbols. 

Turning now to Whitney's views of the true nature of speech, 
' namely, that words are only external signs for conceptions/ we 
cannot but demur here also. The sciences of phonetics, of 
phonology, of inscriptions, deal with the external signs for 
conceptions. Yet any one may be deeply versed in any of these 
branches of knowledge, or in all of them, without ever having 
troubled himself to form an opinion on the point about which 
Max Miiller and Whitney so completely disagreed ; on the other 
hand, a man may be almost wholly ignorant of these sciences and 
yet be competent to express a reasoned opinion on the matter in 
dispute. Consider it, if you please, an exaggeration, or even a 
misuse of language, to say that these external signs are words only 
by metaphor ; such exaggerations or verbal misuses are sometimes 
necessary to startle us out of our habitual grooves of thought. It 
is impossible to suppose that a man of Whitney *s capacity and 
penetration should not have been perfectly aware, or should have 
intended to deny, that there is a subjective side to language ; 
but he evidently considered this to be of little or no importance 
for the right understanding of the relations of thought and 
language. We must take his repeated insistence on the externality 
of signs rather as a repeated protest against the untenable 
theory of the identity of thought and language in the sense main- 
tained by Max Miiller. But the momentum of his protest carried 
him too far. It is useless and even misleading to ignore that 
language is an integral part of thought : to affirm it is merely to 
lay the necessary stress on its subjective aspect. 



PART II 
IMAGINARY QUANTITIES IN ALGEBRA 

AND 

IMAGINARY LOCI IN GEOMETRY 



CHAPTER IV 

ON THE NATURE OF THE CONCEPTS OF NUMBER, 
QUANTITY, MAGNITUDE, AND MEASURE 

Nature of the concept of Number. Its independence of, but close 
association with, the concept of Order. Interdependence of Number- 
concepts. Number-concepts as represented and as symbolized. Transi- 
tion from the representative to the symbolic image. Distinction between 
Number and Quantity in applied Mathematics. Stallo's criticism of the 
use of the term quantity in connexion with Algebraic symbols. Use of 
the terms Number and Quantity in pure Algebra. 

LET us suppose an intelligent child to know the meaning of the 
word ' many ', and of the word ' same ', but not yet to have 
learnt to count : what might we suppose the child to be thinking 
about if he asked us the question : What is it called when I think 
of a same many ? We should probably surmise that he was 
thinking of some number, that he expected that numbers must, 
like everything else, have names, and that he wished to know the 
name of the number he was thinking of. But if, on spreading out 
before him a few coins or other small objects and asking him to 
show us which ' same many ' he meant, he pushed the things 
aside and said ' any same many ', we might indeed be astonished 
at this evidence of interest in abstract thought, but we should 
be obliged to conclude that the child had very definitely formed 
the abstract conception to which we give the general name 
' number *, and that he wished to know that name. 

The supposition no doubt implies a greater power of abstrac- 
tion, as well as a higher degree of purposiveness in thought, than 
are at all likely to characterize any child in the earlier stage of 
learning language : I make use of it as illustrative, not as 
probable, as exemplifying what appears to me to be the essential 
trait in the conceiving of number, apart from the artifices involved 
in counting. 

Number-concepts, like all abstractions, originate in the innate 
capacity to discern likeness and difference and to concentrate 
attention on some one element of a complex presentation. But 
while the vast majority of familiar concepts arise in the discern- 
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ment of approximate likenesses and differences between individual 
things, the concepts of number spring from the discernment of 
exact likeness and difference between individual aggregates 
of things, merely as aggregates. The legs of a horse, of a cow, 
of a dog, of the chair upon which I am at present sitting ; the 
limbs of my body ; the fingers (excluding the thumb) of my 
hand ; the sides of a square ; the corners of a square : in these 
things, taken individually and compared one with another, 
I discern various kinds and degrees of likeness and difference ; 
but taken in their several aggregates and compared merely as 
aggregates, I discern a certain exact likeness, or identity (the 
1 same many ' of the child), which is the concept or abstraction 
to which I have been taught to give the name * four ', and have 
learnt to associate with the mathematical symbol ' 4 '. 

The discernment of identity involves that of difference. It is 
impossible to have become aware of identity of aggregation 
without having pan passu become aware of that difference of 
aggregation which we indicate by the terms ' more * and ' less '. 
The perception of non-identity may be merely that of ' more or 
less difference ', that is, may be indefinite. But it is impossible 
to have become aware of the identity between the legs of a dog 
and those of a horse as aggregates, between eitiier of these and 
the sides of a square, between any of these and the corners of 
a square, &c., without having become aware that the difference 
between this identity and that of the hind legs and tail of a dog 
and those of a horse, of either of these and the sides of a triangle, 
of any of these and the corners of a triangle, &c. f is in every 
case the same difference, that is, is itself an identity, the identity 
called ' one ', the name given to the individual as part of any 
aggregate. 1 

1 The interdependence of number-concepts is partly reflected on the 
symbolic side by the interdependence of number symbols or names in 
definition. No significant definition of the name or symbol of a number 
can be given without the aid of other number symbols or names whose 
meanings are already known ; and in this as in every other case*, definition 
ultimately abuts upon some mode of conveying meaning which is not 
definition, upon an appeal of some kind to the intuitional and non- 
conventional in personal intercommunication. In the opinion of recent 
investigators in the philosophy of mathematics, however, numbers (car- 
dmal) can be denned each independently of all the others, and without 
assigning to them any order or relation (cf. Couturat, Les Principe,, des 
Mathemattques. 1905, p. cal a siirnrismfr f^f \t +* ,^~:..: c .,._,.._. 
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This rudimentary conceiving of numbers, or progressive dis- 
cernment of identity and difference between aggregates of 
familiar things, is of course wholly independent of any names 
or other symbols for numbers ; it is probably independent, for 
a considerable time, of systematic representative imagery such 
as that suggested by the fingers and toes. To the consciousness 
of the mature individual this discernment, in the case of small 
aggregates such as those above mentioned, appears immediate 
or intuitive ; but we must admit the probability, if not the 
certainty, that for the immature individual it was the result of 
an oft-repeated and laborious mental process : the one-to-one 
co-ordination of the things in one aggregate with those in another. 

Every such co-ordinative process, to be effective, necessitates 
attention to the order of the co-ordination : we could not other- 
wise recollect which individuals of two groups have been, and 
which yet remain to be, co-ordinated save in the case where 
the co-ordination can be carried out manually. It is clear, then, 
that from the outset the concepts of number and of order get 
closely associated and tend to develop together. So intimate 
does this association become in the mind of the civilized thinker, 
habituated from childhood to the serial association of names for 
numbers, that many have endeavoured to derive the concept of 
number from that of order. Cayley, for instance, following 
Helmholtz, Kronecker, and Dedekind, regards cardinal numbers 
as derived from ordinal numbers. 1 

Again, it is this close relationship between the concepts of 
order and number which suggested the artifice characteristic of 

involves the conceiving of identity, and hence also of non-identity, between 
aggregates. The definition in question runs thus : the number of a clas.s 
is the class of all classes similar to the given class (Russell, Principles of 
Mathematics, 1903, p. 115). In order to understand it, read it thus : the 
number of a class (i.e. aggregate) is the class (i.e. similarity) of all classes 
(i.e. aggregates) similar to the given class (i.e. aggregate); the term 
' similar ' being used in the sense of ' identical ' as I have used it above. 
The definition has, for me at least, no meaning other than this ; and this 
would certainly not in general be admitted as defining the number of a given 
class or aggregate. But then, for Mr. Russell, the ' philosophical sense ' 
of definition (' analysis of an idea into its constituents ') is useless, at all 
events in mathematics (cf . pp. 1 1 1 , 1 1 2 ). It will be seen that this definition 
of the number of a class in no way invalidates what I have said above as 
to the definition of the name or symbol of a number. 

1 Cayley, Collected Mathematical Papers, v. 292-4 : xi. 442-3. 
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the invention of names for numbers, viz. the memorial association 
of the names in fixed serial order ; and as this order is, in the 
nature of the case, an ordeK in time, it has been argued by other 
thinkers among mathematicians by Sir W. R. Hamilton, the 
inventor of Quaternions that the concept of number is derived 
from that of time. 

The fact that we are taught to count by the aid of names from 
a very early age, and thus learn to think about numbers by 
means of symbolic instead of representative imagery ; and the 
equally if not more important fact that we retain in memory 
little or no trace of the mental processes through which we 
originally elaborated the simple, fundamental, primary con- 
ceptions which are the common property of all men these facts 
tend in many minds, and not least in the most educated, towards 
a practical obliteration of the distinction between numbers and 
the symbols, verbal or mathematical, with which we have been 
taught to associate them. Neither names nor mathematical 
symbols, however, are necessary in order to form concepts of 
number, nor are they indispensable for the effective and ready 
use of these concepts in the process of reasoning, so long as the 
process does not overpass a certain degree of complexity. Images, 
representative or typical of number-concepts, are, up to a certain 
point, fully adequate for the purpose ; and, naturally and 
universally, the fingers have become such typical images, for 
they accompany us whithersoever we go as the most familiar 
of group-images, as the most familiar instance of fixed serial 
order, and of an ordered group which lends itself to significant 
repetition. 

This is not a theoretical deduction, but an observed fact, so 
far as any mental fact can be said to be observed. No one who 
has read with attention such works as Tyler's Primitive Culture, 
or Professor Conant's The Number-Concept, can, I suppose, enter- 
tain the least doubt about the matter. These works, and others 
which cover the same field of inquiry, overflow with evidence 
that among savage tribes the absence of names or other symbols 
for more than the first few numbers is no obstacle to the conceiv- 
ing and expressing, by representative imagery, of numbers far in 
excess of those for which they have names. Surprise is sometimes 
felt that certain savage tribes show a reluctance to use such 
names for numbers as they possess, and resort in preference to 



Quantity, Magnitude, and Measure 57 

finger pantomime. But it is not difficult to understand, given 
a stage of civilization in which the need for thinking of and 
expressing relatively large numbers does not often arise, that 
names for such numbers, although actual tribal possessions, 
should be felt as a burden on the memory by the great majority 
of the individuals constituting it. The fact is that to the civilized 
individual, saturated from childhood with the symbolism of 
arithmetic, the conceiving of numbers comes to be regarded as 
one with the use of numerical symbols, so that he sees, in the 
savage's pantomimic expression of numbers and lack of names 
for them, evidence of his incapacity to frame abstract numerical 
concepts. I will illustrate my meaning by a passage from the 
above-mentioned work of Professor Conant. It should be 
perused with close attention to the senses in which the terms 
* concept ', ' image ', ' abstract ', ' concrete ', are employed. 

' In the sense in which the word is defined by mathematicians, 
number is a pure, abstract concept. But a moment's reflection 
will show that, as it originates among savage races, number is, 
and from the limitations of their intellect must be, entirely 
concrete. An abstract conception is something quite foreign to 
the essentially primitive mind, as missionaries and explorers have 
found to their chagrin. The savage can form no mental concept 
of what civilized man means by such a word as * soul ' ; nor 
would his idea of the abstract number 5 be much clearer. When 
he says five, he uses, in many cases at least, the same word that 
serves him when he wishes to say hand ; and his mental concept 
when he says five is of a hand. The concrete idea of a closed fist 
or an open hand with outstretched fingers is what is uppermost 
in his mind. . . . He sees in Ins mental picture only the real, 
material image, and his only comprehension of the number is, 
" these objects are as many as the fingers on my hand." ' l 

What Professor Conant means is, I suppose, this : that when 
a savage thinks of the number five, he thinks this concept under 
a quite different kind of image from that under which a civilized 
man thinks it unless, indeed, he means that the latter does not 
think it under any image at all, because a word or other symbol 
is not commonly classed as a mental image. This, however, is 
merely a matter of phraseology, not in the least affecting the fact 
that both the civilized man and the savage think the concept in 
question under some mental presentation. The difference, then, 
lies in this, that the savage thinks the number five under an 

1 Conant, The Number- Concept, p. 72. 



image which is representative or typical of the concept, while 
the civilized man thinks it under an image which is symbolic of 
it. We may say that the one way is artificial, the other natural, 
in the sense in which it would be allowed that the artificial is 
more characteristic of civilization than of savagery ; but the 
concept, in whatever customary image embodied, is just that 
concept, neither more abstract, nor more concrete, nor more 
' pure ' in the one case than the other. And if the image which 
is present to the savage mind may properly be called concrete, 
I see no reason why the image present to the mind of the civilized 
man should not be likewise qualified. In fine, it is the concept 
which is abstract, and the image which is concrete ; the real 
difference lies in the nature of the image under which the concept 
is thought. 

A savage is asked some question, the answer to which involves 
the number sixteen. He may or may not be able to conceive this 
number : that will depend partly on the general average of 
intelligence of the tribe to which he belongs, partly upon whether 
the conditions of life and the nature of the customs of the tribe 
are such as to promote the endeavour to conceive numbers ; 
e.g. the custom of bartering. But we will suppose him to answer, 
say by extending the ten fingers, then again the fingers of one 
hand, together with one finger of the other. Term this process 
pantomimic if you please, it is none the less reasoning and inter- 
communication by means of representative imagery. The con- 
ceptual counterpart of this pantomimic expression, in the mind 
of this untutored savage, is not essentially different from what 
mine would be were I to convey the same information by writing 
the equation # = 10 + 5 + 1, i.e. the number unknown to you 
is identical with the sum of 10, 5, and i. Although the savage 
may have no name for the number, he clearly conceives it as an 
aggregate of other aggregates, each of which is represented by 
a distinct and familiar group-image. 

Any system of conceiving and expressing numbers, such as this, 
in which the imagery remains purely representative, is obviously 
limited by the increasing burden it imposes on the memory. As 
the necessity for expressing higher numbers makes itself felt, 
artifices for lightening the burden will be sought. It seems 
natural to suppose that the transition from the representative 
to the symbolic image will be gradual, that there will be a stage 



at which, together with images which are purely representative, 
there will also be images which can be classed neither as purely 
representative nor as purely symbolic. Airliak JAMnns O f 
numerals, or inscribed signs for numbers, all show a nunbiuation 
of the representative with the symbolic image ; awl eviilrurt* u | 
transitional images in the reckoning process of smut* savage 
tribes is not wanting. Here is an example : 

1 More than a century ago travellers in Madagasr.tsr ob- 
served a curious but simple mode of ascertaining I lit* numt>cr 
of soldiers in an army. Each soldier was made to #> through 
a passage in the presence of the principal chiefs ; and as he went 
through, a pebble was dropped on the ground. Tht' mntiiwecl 
until a heap of 10 was obtained, when one was set aside and 
a new heap begun. Upon the completion of ro heap'-, a pebble 
was set aside to indicate 100 ; and so on until (he rntnv army 
had been numbered/ l 

Here the successively formed heaps of ten p<-lM"= .ur puivly 
representative, but we can hardly assign to the prbMe-. MIM e-- 
sively set aside both for tens and for hundred:-, ritlin a puiely 
representative or a purely symbolic character. In ' Jat a , <me 
pebble is made to stand for ten pebbles, or ten '.Idj-i ,, there 
is a beginning of symbolism ; but there is still a Nli^n*: lenient 
of representation in the substitution of one pebblr f*i nn- Iie.ip. 
two pebbles for two heaps, and so on. 

The use of the lingers to express numbers, a ir-e uhi li apjears 
to have been universal, and iu its origin ahvav?. iepu",mt.itive, 
passed over in tint old world into a use almo'.t rntitrlv *, iiit*iit-, 
and said to have survived in the Kasf to the pn-.ruf Iav. 'I he 
original sources of information on this subject an- -:'i\i \\ in the 
article * Numerals \ Encyclopaedia llritannicit. \M{ *-,]!, p ^.M- ( 
footnote. The following brief description of th- \ ! n: i . taken 
from the article itself : 

'In the later times of antiquity the finrn \: . . .; , y M . ir 
developed into a system capable of expressing '.dl M;;, ** i rlow 
10,000.^ The left hand was held up flat with t'hr J;i; j f, , H ir i. 
The units from j to () were expressed by vanmi, j,,, ^j . ,4 ft lr 
third, fourth, and fifth lingers alone, one m m.ir ,.; i! , u., nr 
either closed on the palm or simply bent, at tin i;*i,i*i!i jmnl' 
according to the muaber meant. The thumb and ih. 
thus left free to express the tens by a variety o! idu 



e. g. for thirty their points were brought together and stretched 
forward ; for fifty the thumb was bent like the Greek r and 
brought against the ball of the index. The same set of signs, 
if executed with the thumb and index of the right hand, meant 
hundreds instead of tens, and the unit signs, if performed on the 
right hand, meant thousands/ 

If we compare this gesticular system with others, articulate 
or written, which are familiar to us, we see that the artifices of 
expression resorted to are in all of them as nearly identical as 
the different natures of the medium of expression allow. Be 
the symbols articulate sounds, gestures, or written marks, they 
are in all three cases subjected to analogous operations which 
are symbolic of the conceptual process. Apart from the meaning 
assigned to each symbol as a separate entity, symbolic operation, 
i.e. the putting of the symbols into context, temporal or spatial, 
determines by rule or custom the meaning of that symbol in 
that particular context. In the naming of numbers, as compared 
with the naming of other conceptions, the distinguishing trait, 
as we have already remarked, is the fixed serial association of 
the names in memory. But, comparing the name-system with 
other symbolic systems in aid of conceiving and expressing 
numbers, it is seen that serial association of the symbols is not 
a peculiarity of the name-system ; it is characteristic of them 
all. Obviously, neither arithmetical symbols rior the system of 
finger symbols above described would retain their significance 
apart from their being remembered as a series. This is not 
inconsistent with the opinion that the initial conceiving of 
numbers as identities in aggregation is independent of the con- 
ception of fixed serial order, either of things in space or of acts in 
time ; it is as an effective aid in establishing these identities 
that the conception of fixed serial order is indispensable. A series 
of number-symbols is thus, one might say, a reference series of 
individuals, each of which has a mark which assigns to it its 
place in the series, only the individuals have vanished and lelt 
their place-marks behind. ' A number-symbol may thus he 
considered and intended, according to the purpose of our thought, 
either as the symbol of an identity in aggregation without regard 
to order, or as that of a place in a serial order of places, temporal 
or spatial. 
In the exposition of mathematical thought the terms Number, 



Quantity, Magnitude, and Measure, meet us at every turn. But 
while, in applied mathematics, writers who avoid looseness of 
terminology are careful to indicate, either by definition or by 
clear implication and example, the precise meaning which they 
attach to these terms, in pure mathematics it is a common 
if not invariable custom for writers to use these terms loosely, 
without any clear intimation of the shades of meaning intended, 
if any are intended. Thus, in textbooks of Algebra, the term 
c quantity ' is often suddenly introduced, without a word of 
explanation, into expressions where it is apparently intended to 
replace the word ' number ' as a synonym. But as neither in 
the ordinary nor in the philosophical use of these terms are they 
customarily intended as synonyms, we can feel no security, in 
the absence of explanation, as to the writer's real intention. Is 
there confusion between two distinct though closely related 
conceptions, or is there merely an arbitrary use of the two terms 
as synonyms ? For, at first sight, there seems to be no choice 
but between these alternatives. 

Let us begin by taking a mathematician's own view of the 
distinction between number and quantity, expressed in a per- 
fectly simple and clear manner. The distinction is drawn in 
the course of a careful explanation of the mathematical theory 
of measurement, as follows : 

' NUMBER and QUANTITY. When the unit is stated the magni- 
tude of the object is precisely determined by its measure in terms 
of the unit, and this measure is always a number. The " object " 
may be anything which we can think of as measurable in respect 
of any property, and the phrase "magnitude of an object" is 
thus co-extensive in meaning with the word " quantity". The 
quantity does not change when the unit chosen to measure it 
changes, and the quantity is not identical with the number 
expressing it. 

A number can express a quantity only when the unit of 
measurement is stated or understood. When the unit is stated 
or implied the number expresses the quantity.' x 

In this explanatory statement the terms Number, Quantity, 
Magnitude, and Measure are all involved, and the explanation 
makes the conceptual distinctions intended in the use of these 
terms as clear as any one could wish, though perhaps it would 

1 Theoretical Mechanics, by A. E. H. Love, M.A., F.R.S. (Univ. Press, 
Camb.), p. 372. 



have been better to have substituted for 'expressing' and 
' express ', in the first and second paragraphs respectively, the 
words ' measuring ' and ' measure ' in accordance with the 
definition of the measure of a quantity as being always a number. 
The distinction is again quite clearly marked in the two para- 
graphs which follow immediately upon those already quoted : 

'Mathematical equations, and inequalities, are relations 
between numbers, expressing that a certain number which has 
been arrived at in one way is equal to, greater than, or less than, 
a certain number which has been arrived at in another way. 

' Mathematical equations, and inequalities, between numbers 
expressing quantities are valid expressions of relations between 
the quantities only if they hold good for all systems of units. 1 

The contrast between these two paragraphs clearly exhibits 
the distinction between the science of number and the application 
of that science to theorems and problems involving the measure- 
ment of quantities. In the former the subject of reasoning is 
number, in the latter it is both number and quantity. From 
this point of view it is therefore pertinent to inquire why the 
term ' quantity \ which is intended to express a meaning clearly 
distinct from that of the term ' number ', should be used in the 
science of number without clear indication of the sense in which 
it is to be taken. 

J. B. Stallo, the author of Concepts of Modern Physics, makes 
the following remarks (p. 265 of that work) on this apparent 
incongruity in the terminology of pure mathematics : 

' The error respecting the true nature and function of arith- 
metic and algebraic quantities has become next to ineradicable 
by reason of the inveterate use of the word " quantity " for the 
purpose of designating indiscriminately both extended objects 
or forms of extension and the abstract numerical units or aggre- 
gates by means of which their metrical relations are determined. 
The effect of this indiscriminate use is another illustration of 
the well-known fact in the history of cognition that words react 
powerfully on the thoughts of men, and by this reaction become 
productive of incalculable error and confusion. It is not to be 
expected, of course, that mathematicians will cease, at this 
late day, to speak of arithmetical and algebraic symbols as 
" quantities " ; but there may be some hope for the suggestion 
that they might return to the old phrase " geometrical (and 
other) magnitudes ". The mischief lies, not so much in the use 
of a particular word, as in the employment of the same word 
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for the denotation oi objects differing from each other toto 
genere.' 

This criticism has an obvious bearing on the question : why 
do algebraists regard a generalized symbol of number as also 
a symbol of abstract quantity ? By implication, if not directly, 
Stallo condemns the practice as leading to error or confusion, for 
there is in this respect no difference between a word and a mathe- 
matical symbol. I may say, in passing, that I do not very well 
see how the confusion if there is any is to be avoided by the 
substitution which Stallo recommends ; but this is probably 
because I cannot find any evidence that this custom really does 
give rise to confusion of thought. The fact is, I believe, that 
this practice, common to all algebraists, results from a tacit 
process of thought or judgement which needs only to be made 
explicit in order to afford a justification or explanation of the 
habit. A number expresses or measures a quantity only, as 
Professor Love says, when the unit of measurement is stated or 
understood; and the quantity, i.e. magnitude of the object, is 
not identical with the number expressing it because this number 
changes with any change in the unit of measurement. But this 
distinction becomes quite indefinite when abstraction is made of 
any measurable ' object ', and we think merely of quantity in 
the abstract or quantitative relation in general as expressed by 
number. If it is admissible to regard numerical relation as 
expressive of quantitative relation in general, then the numerical 
unit becomes identical with the unit of abstract quantity, and 
generalized symbols of number can properly be considered as 
also symbols of abstract quantity. 



CHAPTER V 
SCOPE AND CHARACTER OF THE ENSUING DISCUSSION 

WHAT are we to think of, how shall we characterize, a mental 
process which might, briefly and in general terms, he indicated 
thus: Explanation of the derivation, from a primary con- 
ception (say that of Quantity, or again, of Space), of another 
conception, followed by questions such as these : What is, or 
What is the nature of, this derived conception ? Or say that 
Abracadabra is the name given to this derived conception 
What is the meaning of Abracadabra ? The questions imply 
that the nature of a derived conception is not made manifest 
in the account of its derivation, that the meaning of a term may 
be something other than that which we have agreed to assign 
to it. Yet if a derived conception really is present to the mind, 
to ask what this conception is can be only an indirect way of 
asking for an explanation of the process by which we have 
come to form it, that is, of its derivation ; and, if we have given 
the name Abracadabra to a certain idea, to ask, What is Abra- 
cadabra ? is to imply that the meaning of this term is not that 
idea. But select what term you please to characterize a mental 
process such as this I can find none more appropriate than 
' mystical ' and it will probably seem to become inappropriate 
when you learn further that a notion which is derived, rather 
than that from which it derives, is the fundamental notion of 
the subject of thought which involves them both. 

This is not a fancy picture, or a perverse interpretation, but 
a genuine impression, conveyed in general terms, of an important 
part of Cayley's presidential address to the British Association 
in 1883. That Cayley was himself not altogether satisfied with 
the explanation which he there gave of the doctrine of Imaginaries 
in mathematics, he made plain by remarking in the course of it 
that, so far as he knew, the subject had never yet been adequately 
discussed, and stood in need of a philosophical foundation or 
justification. 
We are supposed, in the calculus, and by means of its symbolism, 
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to develop the ' notion ' ol imaginary quantity or magnitude. 
As a counterpart to the notion of imaginary quantity in the 
calculus, we have, or are supposed to have, in that other great 
domain of mathematics, geometry, the notion of imaginary loci 
in space a notion, according to Cayley, as fundamental for 
geometry as is that of imaginary quantity in analysis. But this 
is not all. We are supposed also to have an idea or notion of 
modification of space ; that is, a modification or extension of the 
ordinary conception of space : a more general conception sus- 
ceptible of specific determinations. According to the modern 
doctrine, this general conception of externality embraces par- 
ticular conceptions of space, indicated by the use of such expres- 
sions as Euclidean or homaloid space, non-Euclidean or curved 
spaces of several varieties, and, in each species or variety, spaces 
of one, two, three, or more dimensions. 

Now, that collocations of words such as ' imaginary magnitude ', 
' imaginary locus ', ' homaloid and curved space ', do not in my 
mind evoke modification of my conceptions of magnitude, locality, 
and space, while on the contrary they are, or seem to be, for 
modern mathematicians, symbolic and expressive of such modifi- 
cations this is a fact which, I must admit, may perfectly well 
be due merely to inability on my part to follow the conceptual 
development which is said to issue in these modifications. Upon 
this point I cannot have anything to say ; my part is to criticize, 
to the best of my ability, the exposition of this development, 
and leave it to those competent in the matter to judge whether 
I follow it or not, in so far as it is genuine. 

As a result of the general criticism contained in the chapter 
which follows this, I found myself compelled to assume, as at 
least probable, that mathematicians do not, in fact, attain to 
these alleged modifications or extensions of the ordinary ideas 
of magnitude, locality, and space ; and that, where they believe 
that they do so, that belief results from an illusion of judgement 
as to the part which symbolism of any kind plays in the develop- 
ment of a process of reasoning ; in other words, is the result 
of a tendency to mysticism of which they are unconscious, or not 
sufficiently conscious. Now it is in the nature of the case that, 
while we can recognize an illusion of this kind in our own mind, 
we can never afford a direct proof of its existence in any other. 
But, having established by general and indirect evidence a 
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reasonable prima facie case for the suspicion, we shall greatly 
add to the weight of this evidence if we can show that throughout 
the alleged derivation of these notions, as set forth in the received 
exposition, and from the very outset of it, the mind of the learner 
is subjected (quite innocently, of course) to a mystical bias which 
gradually and insensibly modifies the natural course of plain 
unsophisticated reasoning, and by easy transitions prepares him 
to admit, without too violent a shock to his sense of the rational, 
the reality of these so-called fundamental notions. 

The whole subject divides itself naturally into two parts which 
have no necessary logical connexion : (i) the doctrine of imaginary 
magnitude in analysis and of imaginary loci in space ; (2) the 
doctrine of a generalized conception of space, or of the con- 
ceiving of different kinds of space together with the different 
geometrical systems which they involve. In this part we are 
concerned only with the former of these two doctrines. 



CHAPTER VI 
THE DOCTRINE OF MATHEMATICAL IMAGINARIES 

Cayley's explanation of the Doctrine. His plea for a philosophical 
discussion of it. What is meant by the f meaning ' of a notion ? Cayley's 
metaphysical outlook upon Geometry. Mr. A. N. WhiteheacTs explanation 
of the Doctrine. This explanation appears to be founded upon a theory of 
signs not reconcilable with our mental processes. It does not differ 
essentially from the explanation given by Boole in The Laws of Thought. 
Boole's explanation, however, is rather a begging of the question than 
a solution of the enigma. 

I REFERRED in the last chapter to Cayley's invitation to 
thinkers to put the doctrine of Imaginaries upon a sound philo- 
sophical basis. I call it an invitation rather than a challenge, 
as it has sometimes been called, because it proceeded not from 
a disbeliever in the doctrine, but, on the contrary, from one who, 
while profoundly convinced that it possesses genuine significance, 
was unwilling to hide, under a specious dialectic, the incongruities 
of thought apparently involved in it. In a discussion of the 
origin of these incongruities, in an attempt to discover whether 
they are real or only apparent, whether they are the embodiment 
of some real illusion of judgement ; or, possibly, issue merely 
from an inadequacy of the ordinary forms of language to express 
definite but unfamiliar relations of thought it will be of manifest 
advantage to start with the simple and clear exposition, given 
in the words of the great mathematician himself, of the way in 
which these incongruities presented themselves to him. I shall 
therefore begin by quoting, from Cayley's Presidential Address, 
the passages in one of which the invitation referred to is contained : 

1 In Arithmetic and Algebra, or say in analysis, the numbers 
or magnitudes which we represent by symbols are in the first 
instance ordinary (that is, positive) numbers or magnitudes. 
We have also in analysis and analytical geometry negative 
magnitudes ; there has been in regard to this plenty of philo- 
sophical discussion, and I might refer to Kant's paper, Ueber die 
negativen Grossen in der Weltweisheit (1763), but the notion of 
a negative magnitude has become quite a familiar one, and has 
extended itself into common phraseology. . . . But it is far other- 
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wise with the notion which is really the fundamental one (and 
I cannot too strongly emphasize the assertion) underlying and 
pervading the whole of modern analysis and geometry, that of 
imaginary magnitude in analysis and of imaginary space (or 
space as a locus in qm of imaginary points and figures) in 
geometry : I use in each case the word imaginary as including 
real. This has not been, so far as I am aware, a subject of 
philosophical discussion or inquiry . . . considering the prominent 
position which the notion occupies say even that the conclusion 
were that the notion belongs to mere technical mathematics or 
has reference to nonentities in regard to which no science is 
possible, still it seems to me that (as a subject of philosophical 
discussion) the notion ought not to be thus ignored ; it should 
at least be shown that there is a right to ignore it.' l 

After a digression on the subject of non-Euclidean geometry, 
Cayley proceeds : 

* Coming now to the fundamental notion already referred to, 
that of imaginary magnitude in analysis and imaginary space in 
geometry, I connect this with two great discoveries in mathe- 
matics made in the first half of the seventeenth century, Harriott's 
representation of an equation in the form f(x) o. and the 
consequent notion of the roots of an equation as derived from 
the linear factors of /(#), . . and Descartes method of co-ordinates, 
as given in the Ge'ometrie. . . .' 

' Taking the coefficients of an equation to l>e real magnitudes, 

it at once follows from Harriott's form of an equation that an 

equation of the order n ought to have n roots. But it is by 

no means true that there are always n leal roots. In particular, 

an equation of the second order, or quadric equation, nuiy have 

no real roots ; but if we assume the existence of a root i of the 

quadric equation # 2 + 1 = o, then the other root is-* ; and it is 

easily seen that every quadric equation (with real coefficients as 

before) has two roots, abi, where a and b are real magnitudes. 

We are thus led to the conception of an imaginary magnitude, 

a+U, where a and b are real magnitudes, each susceptible of 

any positive or negative value, zero included. The general 

theory is that, taking the coefficients of the equation to be 

imaginary magnitudes, then an equation of the order n has always 

n roots^each of them an imaginary magnitude The idea, is that 

of considering, in place of real magnitudes, these imaginary or 
complex magnitudes a -f W. 

' In the Cartesian geometry a curve is determined by means of 

the equation existing between the co-ordinates (*, y) of any 

point thereof. In the case of a right line this equation is linear ; 

in the case of a circle, or more generally of a conic, the equation 

1 Cayley, Collected Mathematical Works, vol. xi, p. 434. 
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is of the second order ; and generally, when the equation is of the 
order n, the curve which it represents is said to be a curve of 
the order n. In the case of two given curves, there are thus 
two equations satisfied by the co-ordinates (x, y) of the several 
points of intersection, and these give rise to an equation of 
a certain order for the co-ordinate % or y of a point of intersection. 
In the case of a straight line and a circle, this is a quadric equa- 
tion ; it has two roots, real or imaginary. There are thus two 
values, say of x, and to each of these corresponds a single value 
of y. There are therefore two points of intersection viz. a 
straight line and a circle intersect always in two points, real or 
imaginary. It is in this way that we are led analytically to the 
notion of imaginary points in geometry. The conclusion as to 
the two points of intersection cannot be contradicted by expe- .'.' 
rience : take a sheet of paper and draw on it the straight line ; 
and circle, and try. But you might say, or at least be strongly 
tempted to say, that it is meaningless. The question of course " < 
arises, What is the meaning of an imaginary point ? and further, : 
in what manner can the notion be arrived at geometrically ? ' * * 

f 
Cayley, as we see, does not here put the question, What is the , 

meaning of imaginary magnitude? a question which is of ^ 
course quite unnecessary if in his exposition he has shown us T,// 
how we come to form, or whence we derive, a certain notion //^ v 
called that of imaginary magnitude. But, if he has done this, ;- /,; 
it would seem that we already have (so far as imaginary magni- /..., fa 
tude is concerned) that which Cayley avers that we lack, viz. a " ; : - 
philosophical explanation of the notion ; unless, indeed, a philo- 
sophical inquiry about a notion is something quite different 
from an inquiry into its origin and derivation. The peculiarity 
of the process of thought is more obvious in relation to imaginary 
loci, because there Cayley does overtly ask the question, What 
is the meaning of an imaginary point ? after having carefully 
explained to us how mathematicians are led analytically, i. e. by 
means of algebraic symbolism, to the notion of imaginary points. 
If the explanation is a real one, what more can philosophy do for 
us in the matter ? If Cayley or any one else has in reality been 
led, no matter by what particular process of thought, conducted 
by what system of symbolic expression soever, to form a notion 
to which he gives this name ' imaginary points ', then the mean- 
ing of, the thought expressed by, these words ' imaginary points \ 
is that notion which he has thus formed. How, then, does the 

1 Op. ct*., pp. 437, 438. 



* question of course arise. What is the meaning of an imaginary 
point?* But if, on the other hand, neither Cayley nor any one 
else has in reality been led to form any modification or extension 
of the ordinary conception of geometrical locus ; and if what 
has happened is that, through some illusion concerning the 
instrumentality of a symbolic system (whether that of ordinary 
language or any other), we have been led merely to believe that 
we have attained to some such modification or extension ; then, 
indeed, nothing would be less surprising than that this question, 
What is the meaning of an imaginary point ? should thus present 
itself, 

Cayley does not answer this question ; and yet lie does answer, 
or seems to answer, the further question, How is this notion 
arrived at geometrically ? 

* There is a well-known construction in perspective for drawing 
lines through the intersection of two lines, which are so nearly 
parallel as not to meet within the limits of the sheet of paper. 
You have two given lines which do not meet, and you draw 
a third line, which, when the lines are all of them produced, is 
found to pass through the intersection of the given lines. If 
instead of lines we have two circular arcs not meeting each other, 
then we can, by means of these arcs, construct a line ; and if on 
completing the circles it is found that the circles intersect each 
other in two real points, then it will be found that the line, passes 
through these two points : if the circles apjx^ar not to intersect, 
then the line will appear not to intersect either of the circles. 1 
But the geometrical construction being in each case the, same, 
we say that in the second case also the line passes through the 
two intersections of the circles.' 

He then adds : 

'Of course it may be said . . . that the conclusion is a very 
natural one, provided we assume the existence* of imaginary 
points ; and that, this assumption not being made, then, if the 
circles do not intersect, it is meaningless to assert that the line 
passes through their points of intersection 1 ' 

But he leaves the matter there, concluding with the remark : 
'As a matter of fact, we do consider in plane geometry imaginary 

1 Is there not here just a touch of the sophistical or ambiguous in thr 
way the two words ' found' and ' appear ' arc used ? Compare* with tin- 
sentence (in the previous excerpt) : ' The conclusion as to the two points oi 
intersection cannot be contradicted by experience f - in which the use of the 
term ' experience ' is in the highest degree ambiguous. 
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points introduced into the theory analytically or geometrically 
as above.' 

A plainer statement of the matter of fact there could not well 
be. No one, however, doubts the fact; what we want is an 
explanation of it. Does Cayley give it to us ? It is not easy to 
say what he himself thought about the matter. Yet, apparently, 
the explanation given is not only simple, but adequate : 

'But the geometrical construction being in each case the 
same, we say that in the second case also the line passes through 
the two intersections of the circles. 1 

That is to say, the geometer perceives, in the construction 
common to these two opposed cases, a certain analogy ; and 
this analogy is paradoxically, or by a violent metaphor, expressed 
in the statement that the line always passes through the inter- 
sections, real or imaginary, of the two circles. But then, so far 
as the expression ' imaginary points ' alone is concerned, this is 
the philosophy of the matter. We require nothing more, save 
to recollect that we have expressed a real analogy by means of 
a verbal paradox, and that we must be careful, especially in the 
development of such an unusual mode of expression, not to 
lapse into the mystical by subsequently trying to read these 
expressions as if they were literal. 

This, however, does not appear to be the mathematician's 
point of view, so far at least as Cayley is here representative of it, 
for he remains in search of a philosophy. But what, then, is 
this point of view ? 

If we take Cayley's explanation as a whole, with regard both 
to imaginary magnitude and imaginary loc$, the point of view 
which it suggests is something of this kind : We are led, in the 
way described, to these notions ; and when we ask, What is 
imaginary magnitude ? What are imaginary points ? these 
questions arise from our wish to know, if it is knowable, to what 
realities these notions correspond, or whether they do not corre- 
spond to any reality at all, have ' reference to nonentities in 
regard to which no science is possible/ Such an attitude of mind, 
comprehensible enough were we considering the (current) funda- 
mental notions of the physical, or of the biological sciences, seems 
to me here to be purely mystical, and possibly to be accounted 
for by the survival, in the adult mind and in attenuated form, 



of what, in the child's mind, is a strong disposition indiscrimi- 
nately to believe in the existence of things and ideas on the bare 
evidence of names, and of relations of ideas on the bare evidence 
of phrases which do not involve obvious contradictions. 

But, again, it is not at all uncommon even for careful thinkers 
to speak of the ' meaning ' of an idea, notion, or conception 
a mode of expression which does not seem to me happy, but 
which is perhaps unavoidable in a transitional state of philo- 
sophical terminology. I mention this in relation to Cayley's 
question because it suggests a possible interpretation of it, 
though it seems to me evident that it can afford no real clue to 
his mental attitude. To ask what the meaning is of a notion is, 
I suppose, to inquire of what value or import it is in the subject 
or scheme of thought in which it is involved, in what relations 
it stands to other notions in that scheme. There is nothing at 
all incongruous in such a question, and the answer to it must be 
found in an adequate analysis of the conceptual development of 
the particular subject. Such an analysis, however, is just what 
Cayley appears to give us : he traces the development of these 
notions from antecedent notions. We cannot, then, suppose 
that by the question with which he terminates this analysis he 
intended to ask in what relations these notions stand to the 
others. 

I will conclude this survey of Cayley's outlook upon the 
doctrine of imaginaries by drawing attention to an earlier passage 
in his Presidential Address not directly connected with this 
doctrine, but interesting in the clear indication it contains that 
for him the approach to a true understanding of the fundamental 
notions of mathematics lay through the gateway of metaphysical 
speculation. In this part of his address Cayley considers at 
some length J. S. Mill's views as to the nature of mathematical, 
especially geometrical, truths, and he sums up his own conclusions 
thus : 

' I think it may be at once conceded that the truths oi geometry 
are truths precisely because they relate to and express the 
properties of what Mill calls "purely imaginary objects 1 '; 1 
that these objects do not exist in Mill's sense, that they do not 

1 Mill's ' purely imaginary objects ' have no connexion whatever with thr 
imaginaries we have been discussing ; they are simply the points, lines, 
figures, &c., of Geometry, as defined e.g. in Euclid's Elements. 
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exist in nature, may also be granted ; that they are " not even 
possible ", if this means not possible in an existing nature, may 
also be granted. That we cannot " conceive " them depends on 
the meaning which we attach to the word conceive. I would 
myself say that the purely imaginary objects are the only 
realities, the ovros ovra, in regard to which the corresponding 
physical objects are as the shadows in the cave ; and it is only 
by means of them that we are able to deny the existence 
of a corresponding physical object if there is no conception of 
straightness, then it is meaningless to deny the existence of 
a perfectly straight line.' 1 

I do not know how far these views are held by philosophical 
mathematicians ; but it is not difficult to see how one may be 
brought round to Cayley's opinion. The origin of it evidently 
lies in what must seem to be an impossibility of deriving these 
notions (the purely imaginary objects) from experience. If we 
find it impossible thus to account for their presence in our minds, 
we may very easily be driven or tempted to conclude that they 
are independent of our geometrical experience, do not result 
from it, but are a priori conditions of that experience or of the 
judgements involved in it to use Kantian phraseology or, as 
Cayley implies, it is only his conception of straightness which, 
contrasted with his experience of linear shape, enables him to 
deny the existence of a perfectly straight line ; in other words, 
this conception is an a priori condition of his judgement of linear 
shape. 

But does it follow that because we have had no experience of 
absolute straightness the conception of it cannot have originated 
in experience itself. Not only does this not follow, but it is, 
I believe, quite possible to show that the nature of our experience 
of shape is such that this and the other notions the purely 
imaginary objects must necessarily arise in that experience. 
The discussion of this, however, is relevant to the third part 
of this work. I leave it for future consideration, and return to 
what more immediately concerns us. 

The question which troubled Cayley had, now in a desultory, 
and now in a persistent way, occupied the attention of mathe- 
maticians since the time when first symbols of so-called imaginary 
quantity introduced themselves into algebraic symbolism, as it 
were, in despite of the symbolists and of common sense. The 

1 Op. cit., p. 433. 



enigma was a perpetual challenge to the philosophically-minded 

in the mathematical world. In the early years of the nineteenth 

century, and more or less throughout the first half of it, a great 

deal of thought was expended over this riddle. But, quite 

obviously, these labours had failed, in Caylcy's opinion, to 

dispose of the difficulty in a satisfactory way. And not only 

in Cayley's opinion. Mr. Bertrand Russell, in his work on The 

Foundations of Geometry, published in 1897, fourteen years after 

the date of Cayley's Address, referring to Cayley's invitation or 

challenge, says, in the course of an interesting discussion on the 

philosophy of geometrical imaginaries, that lie is * unacquainted 

with any satisfactory philosophy of imaginaries in pure algebra'. 1 

On the other hand, Mr. A. N. Whitehead appears to find, 2 in 

the work of the mathematicians of the first half of the nineteenth 

century, a satisfactory philosophy of the subject ; hut I am not 

quite clear, from the form which his explanation takes, whether 

he puts it forward as one to be accepted, or as one already 

recognized and accepted by mathematicians generally. However, 

this point is of little importance as compared with that of the 

explanation itself, which is especially interesting from its author's 

clear recognition that any theory of the matter, to be of some 

value, must be founded upon a definite view of the rationale of 

symbolism in the process of thought. 

Such a view, unfortunately too briefly and didactically ex- 
pressed to lend itself very easily to effective coimmmt, Mr. White- 
head gives us in the introductory chapter of the work already 
mentioned. We must look upon it, such as it is, as the key to 
the explanation which he subsequently gives of the doctrine of 
imaginaries. Its essential traits are, I think, clearly enough 
indicated in the following passages : 

1 A substitute sign is such that in thought it takes the place 
of that for which it is substituted. A counter in a game may be 
such a sign: at the end of the game the counters lost or won 
may be interpreted in the form of money, but till then it may l>e 
convenient for attention to be concentrated on the counters and 
not on their signification. The signs of a Mathematical Calculus 
axe substitutive signs.' 3 . . . 

1 An Essay on the Foundations of Geometry. Cambridge : University 
Press, 1897, p. 43. But see also footnote on p". 83 of the present work. 

Universal Algebra, by A. N. Whitehead, Sc.U., F.R.S. 
3 Mr. Whitehead then quotes Dr. Stout's dictum : ' A word is an instru- 



'The use of substitutive signs in reasoning is to 

thought.' . . 

'Definition of a Calculus. In order that reasoning may be 
conducted by means of substitutive signs, it is nm'ssary that 
rules be given for the manipulation of the signs. I hr rules 
should be such that the final state of the signs alter a srru-s of 
operations according to rule denotes, when the signs are mtrr 
preted in terms of the things for which they an: substituted, 
a proposition true for the things represented by t he signs. I hr an 
of the manipulation of substitutive signs according to fixed rules, 
and the deduction therefrom of true proposi tic ins, is a calculus. . . 

'When once the rules for the manipulation of the <*1 

a calculus are known, the art of their practical manipulation ran 
be studied apart from any attention to the meaning to br assigns! 
to the signs. It is obvious that we can take any marks %v<- like 
and manipulate them according to any rule \ve chouse* to asMgn. 
It is also equally obvious that in general such occupations nw.t 
be frivolous. They possess a serious scientific value whrn* t lien- 
is a similarity of type of the signs and of the rules ot nianijuil.itiou 
to those of some calculus in which the marks used air Mibstif utu r 
signs for things and relations of things. The comparative r.tudy 
of the various forms j}ro<luced by variation of rules throws !ii*tif 
on the principles of the calculus. Furthermore, the knoulrdp- 
thus gained gives facility in the invention til some vigiufu .tul 
calculus designed to facilitate reasoning with n*spr< t to som* 
given subject. 

'It enters therefore into the definition of a ralmltr. |roj*nlv 
so-called that the marks used in it arc sub.titutivr Mj;ir*. Hui 
when a set of marks and the rules ior their arrajigeinruK ami 
re-arrangements are analogous to those of a signili* ant al< ulu-., 
so that the study of the allowable forms of their anangriiimi 
throws light on that of the calculus- or when the nuiks and thru 
rules of arrangement: are such as to appear likely to irrrivt- ,m 
interpretation as substitutive signs or facilitate tin* invnttiii t 
a true calculus, then the art oi' arranging !-iticli mark 1 . m.i\' h- 
called by an extension of the; term an tmintrrpiHri .il< uln 
The study of sxicli a calculus is of scientific value, 'lite IIMI*. - 
used in it will be called signs or symlx)ls as ,ne tlm e ni ,t tiu* 
calculus, thus tacitly suggesting that there i% ;ome imkuv, n 
interpretation which could be given to the t-alcuhi 1 ,.' ! 

There is in this doctrine so much which seems (o me ! irqun. 
explanation that I may be pardoned the playful -xai;!;n.ttion <,t 
saying that it suggests analogy with an iminhTpn-trtl ,tl ubr, 

mcnt for thinking of the incanin/; which it r\pn--,M- . ; .1 -.ul.-.tilutr u'u r 
a means of not thinking of the meaning \\liu h if .vnilHh/r',/ : t rr / ,./ -. -.in 
my remarks on this (p. 37). r;,-., r.uV J/.-v v Jf( , t J( p, ; -,, 



and the unknown interpretation which might be given to it. As 

a theory of the connexion or relations between rational thought, 
whether mathematical or other, and its symbolization in any 
form, it is not convincing ; but then, it is true, in such a theory 
there would not appear to be room for the invention of a non- 
interpreted symbolic system, an uninterpreted calculus. What- 
ever it be that the doctrine seeks to set forth or explain, it 
leaves an abyss, unplumbed and unbridged, between a calculus 
' properly so called ' and something which, ' by an extension 
of the term/ may be called an uninterpreted calculus. 

But what is the real gist of the argument ? The definition of 

a substitutive sign is, to begin with, inconveniently vague if not 

unmeaning. A substitutive sign is such that in thought it takes 

the place of that for which it is substituted. In other words, 

a substitutive sign is such that in thought it takes the place 

of that whose place it takes, or is made to take. That is not 

sufficiently informing ; it is true of anything you please and 

descriptive of nothing in particular ; we know neither what 

'that' is whose place is taken, nor in which of half a dozen 

possible senses we are to take the word 'substitution ' or the 

phrase ' to take the place of '. And this is not hypercriticism : it 

would have been so very easy for Mr. Whitehcad to say : a substi- 

tntive sign is a sign which we intend to take the place of (i. e. to 

be equivalent in meaning with) another sign or combination of 

signs, that as he does not say this his meaning is doubtful ; and 

the doubt is not removed by the illustration of counters in 

a game. On the other hand it is not impossible to guess why 

we are given the above elusive definition. What is commonly 

understood by a substitutive sign is a sign substituted for words, 

but words have meanings, and this is awkward if substitutive 

signs may have none. 

In general, as Mr. Whitehead observes, to take a set of marks 
and manipulate them according to any rule we may please to 
lay down must be a frivolous occupation. That would appear 
to be the case where either the marks, or the manipulations 
according to rule, do not symbolize anything at all. But then, 
if the marks are not symbolic they are not marks but tilings, 
and where the rule of manipulation is not symbolic it is at once 
arbitrary and meaninglessis not, in any sense relevant to 
symbols, a rule of manipulation. 
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But such occupations, it is said, possess serious scientific 
value when there is a similarity of type of the signs and of the 
rules of manipulation to those of some calculus in which the 
marks used are substitutive signs for things and relations of 
things. I do not doubt it ; only there is one rather important 
point which is ignored in this explanation. How or why does 
one set of signs and of the rules for their manipulation happen 
to be similar to another set unless there is analogy of conception 
and of thought-process seeking and finding expression in this 
similarity of type of sign and of rule ; in other words, unless the 
later calculus is significant ? It is also pertinent to inquire how, 
in a non-significant calculus, one form of arrangement of the 
signs can be ' allowable ' and another not. Mr. Whitehead 
speaks of symbolic systems in turns of phrase which recall those 
of a geologist comparing the fossil remains of different strata, or 
of a zoologist describing the fauna of different continents. But 
symbolic systems are not found, they are invented ; purpose 
presides at their invention, and that purpose is the systematic 
expression of a process of reasoning. 

In the ' Definition of a Calculus ' there is one other statement, 
the exact import of which we ought to be quite clear about, for 
it is closely connected with the riddle of Imaginaries in algebra. 
I mean the statement that ' the rules should be such that the 
final state of the signs after a series of operations according to 
rule denotes, when the signs are interpreted in terms of the 
things for which they are substituted, a proposition true for the 
things represented by the signs/ ' The final state of the signs ' 
implies, and is here, I believe, intended tojmply, ' not necessarily 
the intermediate states. 1 The implication is, of course, not that 
the intermediate states may denote false propositions, but that 
they need not be mterpretable. 

This doctrine derives from Boole, whether originally or not 
I do not know. But do the arguments by which Boole supports 
this doctrine amount to anything more than an assertion, or 
a plea, that what appear to be incongruities in a process of 
thought are in reality not such ? If we accept Boole's view it 
practically determines our attitude in the question of these 
imaginaries, and therefore I had better explain here why I cannot 
agree with it. This is what Boole says : 

' The conditions of valid reasoning, by the aid of symbols, are 



' ist. That a fixed interpretation be assigned to the symbols 
employed in the expression of the data ; and that the laws of the 
combination of those symbols be correctly determined from that 
interpretation. . 

1 2nd. That the formal processes of solution or demonstration 
be conducted throughout in obedience to all the laws determined 
as above, without regard to the question of the interpretability 
of the particular results obtained. 

' 3rd. That the final result be interpretable in form, and that 
it be actually interpreted in accordance with that system of 
interpretation which has been employed in the expression of the 
data.' 

The first and third of these conditions seem to be unimpeach- 
able, but the second Boole himself felt would be accepted with 
difficulty. He comments on it as follows : 

* It is ... in connexion with the second of the above general 
principles or conditions, that the greatest difficulty is likely to 
be felt, and upon this point a few additional words are necessary. 
. . . The principle in question ... is derived, like the knowledge 
of the other laws of the mind, from the clear manifestation of 
the general principle in the particular instance. . . . The employ- 
ment of the uninterpretable symbol / i, in the intermediate 
processes of trigonometry, furnishes an illustration of what has 
been said. I apprehend that there is no mode of explaining that 
application which does not covertly assume the very principle 
in question. But that principle, though not, as i conceive, 
warranted by formal reasoning based upon other grounds, seems 
to deserve a place among those axiomatic truths which constitute 
the foundation of the possibility of general knowledge, and which 
may properly be regarded as in some sense expressions of the 
mind's own laws and constitution/ l 

But if, as Boole says, the knowledge of this law of the mind is 
derived, like the knowledge of the other laws of the mind, from 
the clear manifestation of the general principle in the particular 
instance, how is it that great difficulty is felt with regard to 
it and not with regard to the others ? Simply because there is 
no clear manifestation of a general principle in the particular 
instance. It is clear that the distinction between an intermediate 
result and the final result in a process of reasoning is not an 
essential distinction so far as the process itself is concerned : 
the process may be continued, and what was a final result may 
become an intermediate one. If it were a matter of experience 
1 Boole, Laws of Thought, pp. 68, 69. 
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that intermediate results in a process of reasoning were always, 
or even usually, uninterpretable, then we should feel no difficulty 
we should recognize the general principle in the particular 
instance. For my part I recognize in this case just the contrary : 
that the particular instance manifests an unexplained departure 
from general principle. 

We can now go on to consider Mr. Whitehead's elucidation 
of the enigma involved in the use of algebraic imaginaries : 

' The logical difficulty involved in the use of a calculus only 
partially interpretable can now be explained. The discussion of 
this great problem in its application to the special case of ( i)* 
engaged the attention of the leading mathematicians of the first 
half of this century, and led to the development on the one hand 
of the Theory of Functions of a Complex Variable, and on the 
other of the science here called Universal Algebra. 

' The difficulty is this : the symbol ( 1) is absolutely without 
meaning when it is endeavoured to interpret it as a number ; 
but algebraic transformations which involve the use of complex 
quantities of the form a + M, where a and b are numbers, and 
i stands for the above symbol, yield propositions which do relate 
purely to number. As a matter of fact the propositions thus 
discovered were found to be true propositions. The method 
therefore was trusted, before any explanation was forthcoming 
why algebraic reasoning, which had no intelligible interpretation 
in arithmetic should give true arithmetical results. 

' The difficulty was solved by observing that Algebra does 
not depend on Arithmetic for the validity of its laws of trans- 
formation. If there were such a dependence, it is obvious that 
as soon as algebraic expressions are arithmetically unintelligible 
all laws respecting them must lose their validity. But the laws 
of Algebra, though suggested by Arithmetic, do not depend on it. 
They depend entirely on the convention by which it is stated 
that certain modes of grouping the symbols are to be considered 
as identical. This assigns certain properties to the marks which 
form the symbols of Algebra. The laws regulating the manipula- 
tion of the algebraic symbols are identical with those of Arith- 
metic. It follows that no algebraic theorem can ever contradict 
any result which could be arrived at by arithmetic, for the 
reasoning in both cases merely applies the same general laws 
to different classes of things. If an algebraic theorem is inter- 
pretable in arithmetic, the corresponding arithmetical theorem 
is therefore true. In short, when once Algebra is conceived as an 
independent science dealing with the relations of certain marks 
conditioned by the observance of certain conventional laws, the 
difficulty vanishes. If the laws be identical, the theorems of the 



one science can only give results conditioned by the laws which 
also hold good for the other science ; and therefore these results, 
when interpretable, are true/ l 

While admitting that this solution is consistent with the views 
previously expressed by Mr. Whitehead on the nature and 
functions of a mathematical calculus, we may ask ourselves 
whether those views are not themselves a generalization of that 
here adopted as a solution in the case of ordinary algebra ; 
whether, in short, we have not here a solution of the difficulty 
after the manner of Boole. If we are unable to agree with 
Mr. Whitehead's general conception of the functions of a symbolic 
system in the conduct of a process of reasoning and I have 
given my own reasons, be they good or bad, for dissent then 
naturally enough we shaU see, in this solution of the enigma, 
merely a restatement of it in a thinly disguised form. The 
difficulty was solved by observing something which had previously 
been overlooked, viz. that Algebra does not depend on Arithmetic 
for the validity of its laws of transformation. Is this anything 
more than a restatement of the observed fact that algebraists in 
generalizing the symbolism and operations of arithmetic, had been 
led to invent symbolic forms not arithmetically interpretable ? 
The ordinary explanation of this fact, that which Cayley gave 
but was not satisfied with, and which is still given in authoritative 
textbooks of algebra, is that the development of this generalized 
symbolism itself leads to a non-arithmetical notion of quantity 
or magnitude. This, at least, is an attempt, though a mystical 
attempt, at explanation. 

Algebra is a symbolic system which has been in course of 
gradual development for centuries. The term itself is a Western 
adaptation of an Arabic expression which, judging by the 
etymology given of it, might just as well have been translated 
'arithmetic' as corrupted into * algebra '. The Moslem and 
other savants from whom the system was borrowed and intro- 
duced into Europe soon after 1200, were themselves little more 
than depositaries or inheritors of neo-Greek and possibly of 
Hindoo learning. The treatise of Diophantos may be and has 
been indiff erently called an arithmetical and an algebraic treatise. 
The fact (if it is a fact) that algebraic symbolism had in the 

Op. cit.j pp. 10, n. 
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course of its development become independent or partially inde- 
pendent of arithmetical notions is not explained by observing it ; 
it can only be explained either by showing what notions the 
symbolism had become dependent on, or by showing that the 
observed independence is not real, but only apparent. We come 
back upon the undisguised fundamental difficulty : What is the 
meaning of ' imaginary number ', ' imaginary quantity ', ' A/ I ' ? 
These symbols, it is agreed, are not symbols of notions which 
enter into Arithmetic. They are, according to some mathe- 
maticians, symbols of notions which do enter into Algebra 
apparently without first entering into our minds. According 
to Mr. Whitehead they are symbols uninterpretable not only in 
Arithmetic, but in Algebra itself ; they happen to receive an 
interpretation in Geometry, but the laws of Algebra do not 
depend for their validity on these symbols being interpretable 
in that science or in any other. Upon what, then, do these laws 
depend ? ' They depend entirely on the convention by which 
it is stated that certain modes of grouping the symbols are to be 
considered as identical.' This statement, apparently simple, 
I find to be ambiguous with regard (i) to the definition given of 
the convention, (2) to the use made of the word ' depend '. 
The ambiguity of the definition lies in this : that it is impossible 
to say whether it is or is not intentionally devised so as to be 
verbally congruous with the enigma of a calculus some of whose 
symbols are uninterpretable. It is quite easy to mark the 
ambiguity by inquiring whether the given definition of the 
convention is equivalent to this : that certain non-identical 
modes of grouping the symbols are intended to symbolize, and 
are accepted as symbolizing, the same or equivalent notions. 
Next, as regards the use of the word ' depend J . If we pause to 
consider what is the nature of these ' laws ' of algebraic trans- 
formation, we see that they are simply statements of the con- 
ventions which sanction the transformations : they are ' laws ' 
just in so far as they are adopted conventions. The validity 
of the laws is just the validity of the conventions ; and to make 
the validity of the laws depend upon the conventions has thus 
no clear meaning. Yet this seems to be what Mr. Whitehead 
does. The validity of these conventions or laws depends, I should 
say, upon their adaptability to the end in view, which is the 
unambiguous symbolization of a process of reasoning. 

BERKELEY G 



I do not wish to multiply objections ; but I must add, that 
when Mr. Whitehead tells us that : * In short, when once Algebra 
is conceived as an independent science dealing with the relations 
of certain marks conditioned by the observance o certain con- 
ventional laws, the difficulty vanishes/ lie sees neither that the 
difficulty is precisely that of so conceiving Algebra, or any other 
symbolic system, nor that to say that it is to be thus conceived 
is hardly reconcilable with his own previous statement (concern- 
ing the impossibility of contradiction between Arithmetic and 
Algebra) that ' the reasoning in both cases merely applies the 
same general laws to different classes of tilings.' For evidently 
if there is a class of ' things * about which we reason by means 
of Algebra, then we do not conceive Algebra as merely dealing 
with the relations of certain marks conditioned by the observance 
of certain conventional laws, but as a symbolic system dealing, 
by means of these marks and laws, with the ' class of things ' 
which is the subject of thought. 

I will conclude this criticism by a last quotation in justification 
of a statement made on a previous page ; 

' It will be observed that the explanation of the legitimacy of 
the use of a partially interpretable calculus does not depend upon 
the fact that in another field of thought the calculus is entirely 
interpretable. The discovery of an interpretation undoubtedly 
gave the clue by means of which the true solution was arrived at. 
For the fact that the processes of the calculus were interpretable 
in a science so independent of Arithmetic as Geometry at once 
showed that the laws of the calculus might have been defined in 
reference to geometrical processes. But it was a paradox to assert 
that a science like Algebra, which had been studied lor centuries 
without reference to Geometry, was after all dependent upon 
Geometry for its first principles. The step to the true explanation 
was then easily taken/ l 

This paragraph makes quite clear what may have seemed 
hitherto somewhat obscure- I refer to my statement above that 
for Mr. Whitehead such symbolic expressions as ' imaginary 
quantity*, ' </-!/ are unmterpretable not only in Arithmetic 
but also in Algebra. This, of course, is quite consistent if Algebra 
is a calculus only partially interpretable in its own field of thought 
(whatever this may be) ; it is also quite consistent with Algebra 

1 Op. cit., p. ii. 
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being a calculus entirely interpretable in another field of thought, 
viz. Geometry. 

Mr. Whitehead's eminence as a mathematician, especially as 
a philosophical mathematician, made it very necessary to examine 
his views on this particular question with the closest attention ; 
and the necessity appeared to me the more pressing because 
these views have evidently to some extent to how great an 
extent I do not know imposed themselves on mathematicians. 1 
This influence is very marked in the article ' Algebra ' of vol. xxv 
(one of the new volumes) of the Encyclopaedia Britannica. 
Indeed, the writer of that article explicitly acknowledges his 
indebtedness to Mr. Whitehead's work. How great that indebted- 
ness is with regard to the subject we have been discussing will 
be gathered from the following extract (p. 274) : 

1 The progress of analytical geometry led to a geometrical 
interpretation both of negative and also of imaginary quantities ; 
and when a " meaning ", or, more properly, an interpretation, 
had thus been found for the symbols in question, a reconsideration 
of the old algebraic problem became inevitable, and the true 
solution, now so obvious, was eventually obtained. It was at last 
realized that the laws of algebra do not depend for their vali- 
dity upon any particular interpretation, whether arithmetical, 
geometrical, or other ; the only question is whether these laws 
do or do not involve any logical contradiction. When this 
fundamental truth had been fully grasped, mathematicians began 
to inquire whether algebras might not be discovered which 
obeyed laws different from those obtained by the generalization 
of arithmetic/ 

Although differing somewhat in the form of expression, the 
views here expressed are in substance Mr. Whitehead's views. 
The writer of the article, it is true, makes the validity of the laws 
of algebra depend upon whether they do or do not involve logical 
contradiction, which is not quite what Mr. Whitehead says. But 
the difference is rather apparent than real : we very naturally 

1 To a greater extent, it seems, than I suspected when the above sentence 
was penned. According to Mr. Bertrand Russell (see his Principles of 
Mathematics, Cambridge, 1903, vol. i, p. 376), the theory of imaginaries, 
formerly considered a very important branch of mathematical philosophy, 
has lost its philosophical importance by ceasing to be controversial. 
Mr. Russell and Mr. Whitehead are, I believe, the leading exponents in this 
country of the latest school of thought on the philosophy of mathematics. 
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ask how this test of validity is to be applied to a symbolic system 
unless this system is prompted by, and is therefore expressive of, 
a systematic process of thought in other words, unless the 
system is interpreted? Absence of logical contradiction is 
certainly a test of valid reasoning ; but how either logical 
contradiction, or logical consistency, is to manifest itself under 
the supposed conditions is not explained. Obviously, however, 
no such explanation would be needed by any one who conceived 
algebra ' as an independent science dealing with the relations 
of certain marks conditioned by the observance of certain con- 
ventional laws ' ; the argument of the two writers is at bottom 
the same argument. 



CHAPTER VII 

THE CONCEPTIONS AND SYMBOLISM OF ELEMENTARY 

ALGEBRA 

Current view of the derivation of the conception of Algebraic Quantity. 
Real nature of this notion. The fundamental Laws of Algehraic Expression 
(Commutation, Association, Distribution) are conventions founded on the 
symbolic expression of this notion. To derive this notion from the Law 
of Association is to put the cart before the horse. Meaning of the symbol *= 
in relation to the so-called test of inequality. Algebraic Multiplication 
and Division. ' Positive ' and * Negative ' multiplication and division 
meaningless when taken literally. A distorted view of these operations 
must lead to a distorted view of the operations of Involution and Evolution. 

THE difficulty or incomprehensibility involved in the doctrine of 
imaginaries did not present itself to Cayley, as we saw in the last 
chapter, in quite the same way as it is presented by Mr. White- 
head. For Cayley, it seems that the difficulty or enigma arises 
from conflict between a belief, imposed upon us by a logical 
process of thought, and the direct evidence of consciousness : 
the belief being that the development of algebraic symbolism 
leads to a new development of the conception of quantity, 
while the evidence directly afforded by the consciousness of 
our own thoughts is that the conception of quantity really 
remains unmodified. Mr. Whitehead, on the other hand, says 
nothing about the development of algebraic symbolism leading 
to a modification or extension of the conception of quantity. 
In his view, if I have understood it, the difficulty lay in this : 
that the development of what, in its inception, was a generalized 
arithmetical symbolism, led to symbolic expressions which 
have no arithmetical meaning. Which of these two views 
most correctly represents the difficulty as it was felt by mathe- 
maticians in general, I do not know ; probably some saw it as 
Cayley did, others as Mr. Whitehead does. What I propose 
to do in this chapter and the next is to show, by carefully 
analyzing the received exposition of the process of conception 
and symbolization in elementary algebra, that the belief that we 
are led by this process to a new notion of quantity, or, again, the 
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supposition that the so-called symbols of imaginary quantity- 
ought logically to be arithmetically interpretable, are the result 
partly of a mystical outlook upon this process, partly of an 
inconsistency in the symbolic development itself ; and that 
if we admit this inconsistency into the system, clearly recognizing 
it as such, and also reject whatever is mystical in the exposition, 
we get rid of the conditions under which enigmatical questions 
suggest themselves. 

With this object in view I believe I cannot do better than 
to take as a text Professor Chrystal's standard work on Algebra, 
or the same author's smaller and more elementary work, the 
Introduction to Algebra. 1 As we shall be occupied with no 
more than the most elementary conceptions and symbolic 
expressions and with these only in so far as they lead to the 
doctrine of Imaginary Quantity and as these conceptions and 
expressions are very fully dealt with in the Introduction, I shall 
take this as a text. There are no doubt many other authoritative 
English textbooks of elementary algebra ; but, apart from the 
acknowledged position of the author of the text chosen as 
a teacher, it is a manifest advantage to avoid scattering references 
over a wide field, and to trace the filiation of thought as it presents 
itself to, and is expressed by, a single mind. I need scarcely 
add that any criticisms which I may have to make are not to 
be understood as levelled especially at Professor Chrystal, but 
at the received exposition of the subject as embodied in a standard 
work. 

One of the first ideas to which the beginner in Algebra is 
introduced, after the employment of the letters of the alphabet 
as general symbols for number has been explained, and the 
conventional signs for the ordinary operations of arithmetic 
have been exhibited, is that which is termed * algebraic quantity '. 
The explanation of this idea is given on p. 18 of the Introduction, 
and is there prefaced by the remark that ' The Law of Association 
for an algebraic sum . . . leads us to another important idea, 
viz. the notion of Algebraic Quantity as distinguished from what 
may be called mere Arithmetical Quantity '. I draw attention 
to this statement because, with many others of a like kind, it 
seems to indicate a belief or supposition that conceptual develop- 

1 Introduction to Algebra, by G. Chrystal, M.A., LL.D., 2nd edition, 1900. 
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ment follows upon the development of a symbolic system, rather ^ 
than that the development of a symbolic system follows upon ;^ 
and is the expression of a development of conception. We f 
would think it a very odd statement were any one to assert 
that the laws of addition and subtraction in arithmetical 
symbolism lead us to the notion of number. The above state- 
ment is no less odd to any one who keeps clearly in mind the 
distinction between an idea and the name which is by convention 
assigned to it. The notion of algebraic summation, as distinct 
from ordinary or arithmetical addition and subtraction, is 
really nothing other than the notion of summation of algebraic 
quantities, whether we use this term for the constituents of the 
sum, or some other equivalent to it, such as O 
or positive and negative, quantities. But 



quantity as positive or negative is a generalization of, or recogni- 
tion of a common feature in, such cases as credits and debits, 
forces acting in opposition to one another, excess over and defect 
from a mean, &c. It is qf^course obvious that it was the employ- 
ment of symbols of quantity and of signs of addition and sub- 
traction which suggested the artifice of using the latter as 
qualifying signs, that is, of symbolizing this generalized notion 
of opposition in quantity by the conjunct use of the symbol of 
addition, or of subtraction, with a symbol of quantity, to denote 
respectively a positive or a negative quantity. This, however, 
is very different from saying that a symbolic convention such as 
the rule of signs as it used to be called leads to the generalized 
notion of quantity as positive or negative, in other words, to 
the notion of algebraic quantity. 

That the import or significance of the algebraic law of associa- 
tion is clearly intelligible only if we start with the notion of 
quantity as positive or negative, and of the summation or 
aggregation of these quantities, is evident from the very nature 
of the explanation given of the way in which the convention 
which it embodies isjreached r for the notion is at the outset 
introduced in one of the cases illustrative of it or subsumable 
under it : the case of credits and debits, as we shall presently 
see. In the meanwhile we may as well once more insist upon what 
is so familiar and obvious that it seems scarcely to challenge 
attention, viz. that these laws of association, distribution, &c., 
or conventional rules of manipulating the symbols of algebraic 
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quantity, are themselves symbolic of certain processes of thought 
about algebraic quantity ; and that it is because these invented 
manipulations have been found suitable for the purpose of 
symbolizing these mental processes that they have become 
, conventions, are accepted as algebraical rules of expression. 

This law of association is the fundamental convention of 
algebraic expression. What this convention is and how it is 
arrived at are explained in the second and third chapters of the 
Introduction, the second chapter dealing with the law of associa- 
tion only so far as addition and subtraction are concerned. 
I will give from this chapter two or three short extracts which 

, / touch upon points deserving of some attention. 

> ..* 

j, r .. f ' We shall suppose that + a means a pounds to be paid by 

* some debtor to a merchant A t and that 6 means b pounds to 

be paid by A to some creditor of his. It will facilitate matters 

1 ^ if we suppose that A collects his debts and pays his creditors 

" * through an agent B, who may be supposed to have a certain 

\ amount of spare cash of his own. . . .' 

This is with the object of calling attention to the fact that 
the order in 'the chain of additions and subtractions +a + b 
c+dej y is indifferent to the result; in short, expression 
is given to what algebraists somewhat magnUoquently call the 
Law of Commutation. The symbols of addition and subtraction 
are here used as qualifying symbols, that is, to qualify the 
symbols of quantity in this illustrative case sums of money ; 
the symbolic expressions of qualified quantity arc then formed 
into a chain or row, which is called an algebraic sum. We do 
not put these symbolic expressions into a chain or row by accident ; 
the connecting them in that manner may be regarded as 
symbolic of a wider conception of aggregation ; that is to 
say, the ideas of addition and subtraction are subsumed under 
a more general concept of aggregation, and this is plainly 
indicated in the choice of the term ' algebraic summation ', or 
' algebraic sum '. 

Passing on to the derivation of the Law of Association, we find 
this explained as follows : 

' Since two separate debts of i each, both supposed good, are 
from the merchant's point of view the same thing as a debt of 
2, we may associate +1 + 1 into +( + i + i), the bracket indi- 
cating that the two separate debts are regarded as one, and the 
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4- before the bracket meaning "payable to A " as before. We 
have therefore 

4-1 + 1= +(-m-i)= +2 ; 
and in like manner 



and so on.' 

This is, so far, only ' the simplest case of the Law of Associa- 

tion for addition '. What does the reader think of it, and of the 

reasons for adopting it ? Remark that in ' the chain of additions 

and subtractions + a+b c . . .', which is called an algebraic 

sum, we have already associated these symbols, or there is no 

meaning in speaking of them as constituting a chain, or in 

calling them a sum. Why then are we not to regard the expres- 

sion -4- 1 4- 1 as directly symbolic of the association of -f i and 

4-z? If -ha -f & signifies the sum of the credits a and b, and 

if -f-x means a credit i, why should not the expression +IH-I 

symbolize the sum of the credits c and r ; and hence why 

should we go out of our way to invent such an expression as 

+ ( -f- 1 + 1) ? The fact is that an expression such as this results 

from the application of the law of association in particular cases ; 

does not serve to explain the genesis of that law, but rather 

to produce in the mind of the learner the impression that Algebra 

is the * mere farrago of rules and artifices * into which, as Professor 

Chrystal remarks in his preface, 'the English textbooks of 

Algebra in vogue during the latter part of this century ' i.e. the 

nineteenth century 'have tended to degenerate.' A little 

further on we get the complete derivation : 

' The process of association may be carried further. Let us 
suppose that A's agent B in a day's round collects a, pays out 
b, and also pays out c. Associating the whole of the day's 
business together, the result from A's point of view is +(a b c). 
If we look at it from the point of view of B's cash, he owes to 
A. a, and A owes him b and c that is to say, from B's point 
of view A owes him a + b+ c, therefore, if we look at the whole 
result of the day's transactions again from A's point of view, 
the result is _(_0 + & + c ), the - before the bracket meaning 
" due by A ", as before. Combining the two results just arrived 
at with the original way of looking at each debit separately, we 
we have the following equalities : 



4-fl b c (a + b + c). 

' Tlie last two equations exhibit fully the Law of Association 
for Addition and Subtraction. . . .' 
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There is in this development of algebraic expression something 
which reminds one of homonymy in ordinary language, and of 
the dependence of meaning of an homonymous symbol upon the 
context in which it stands. I think the recognition of this 
partial analogy is of some importance, and perhaps I shall make 
my meaning more clear if I suppose another way in which this 
law of association might suggest itself. Take, first, a very 
familiar concrete case. I wish to know how my current account 
at the bank stands, or rather how I stand financially in relation 
to my banker. I add up my debits on the one hand, my credits 
on the other, and take the difference between the two sums. 
Now, given the notion of quantities standing to each other in the 
relation of credit to debit, or merely this less general notion itself ; 
also the artifice, suggested by this relation, of using the signs 
of addition and subtraction as qualifying symbols for such 
quantities suppose then that I wish to express such a process 
as the above in the most general manner. It is natural, almost 
inevitable, that I shall be guided by the concrete familiar case 
and that I shall write 

-~(c + e+f)+(a + b + d), (A) 

the two groups of debits and credits being indicated respectively 
by the minus and plus signs. But in such an expression lies the 
germ of the future rule, and a chance consideration, an accidental 
circumstance, may give it birth. For instance, let the supposi- 
tion suggest itself of an error in the record of credits and debits : 
say that b has been wrongly entered as a credit in place of e. 
It will be at once obvious to the arithmetician that, so far as the 
result is concerned, the error can be corrected in two ways, 
either by exchanging b and e so that each is added to its proper 
group, or by subtracting each from the group into which it has 
been placed ; so that, correcting the error in these two ways, we 
get 

-(c + b+f) + (a + e + d) = -(c-~e+f) + (a-b + d) . . (B) 

This at once suggests the rule, viz. that the chain, row, 
or algebraic sum +ab c + d + e-f . . . may be transformed 
or broken up into any two or more groups, provided that if we 
mark any group plus it shall contain only quantities marked 
with their proper signs, while if the group is marked minus 
it shall contain quantities only whose signs are reversed. If 
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rule of interpretation, or of ungrouping, is at the same time 
determined, and we get, in fact, the rule of signs : 

+ ( + a~b + c . ..) = ( a + b c.. .) = +a-bc - (C) 

Now what I meant by the remark about homonymy and the 
way in which, in algebra as in ordinary language, the interpreta- 
tion of an homonymous symbol necessarily becomes dependent 
on the content in which it stands, is this : 

In the expression (-4), before the rule of interpretation has 
developed, there is no ambiguity about the signs, it being 
intended and clearly understood that every quantity in the 
group marked is negative, and every quantity in the group 
marked + is positive. Passing over the intermediate expression 
(B), in which the rule is in the making, to the final expression (C), 
in which the rule is embodied, we find that the signs + and , 
both inside and outside the brackets, have lost the distinctive 
meanings which they had in (A). The sign outside the bracket 
no longer denotes the character (positive or negative) of the 
quantities within it, and at the same time the signs ( + and ) 
within the brackets have lost their purely arithmetical meaning, 
for, e.g. all the quantities within a bracket may now be sub- 
trahends, and this has no arithmetical meaning. Neither the 
sign prefixed to a quantity contained in a group, nor the sign 
prefixed to the group, determines the character of the quantity ; 
it is determined by these two signs taken in conjunction or in 
their context ; and we thus get three different ways of symbolizing 
both a positive and a negative quantity, that is, we have 



and we may say that the first lot are all equivalent symbols of 
a quantity whose measure is a and whose sign is positive, while 
the second lot are all equivalent symbols for a quantity whose 
measure is a and whose sign is negative. 

Returning to the connexion between the Law of Association 
and Algebraic Quantity as envisaged in this textbook, we see 
more clearly than ever that an inversion of the natural, and 
logical order of thought is involved in the statement : ' The Law 
of Association for an algebraic sum, in particular the four special 
cases + ( + #) = +#,, +(-0)=-0, -( + a)=*~a t ..... -(~a)=+a t 
leads us to another important idea, viz. the notion of Alec- 
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mere Arithmetical Quantity/ The result of this inversion 
becomes manifest in the explanation of Algebraic Quantity 
which immediately follows : 

' In the first instance, the operands a, 6, . . . were mere numbers 
(e.g. numbers of pounds in our debit and credit illustration); 
but in the expressions + ( + a) and + (a) the operand as regards 
the first + is not a, but +a in the one case and a in the other. 
Such an operand, consisting of an arithmetical quantity with 
either + or attached, we call an Algebraic Quantity, positive 
or negative according as the sign is + or / 

If we were to take this explanation literally, we should have 
to understand that ' algebraic quantity ' is merely a technical 
name for symbolic combinations such as -f a, a, the meanings 
of these symbolic combinations being left unexplained. But 
I have no doubt that it is the meaning or interpretation of these 
combinations which the explanation is intended to give ; that 
is to say, that +a and a are symbols of positive and negative, 
or algebraic, quantity. According to the explanation, then, 
+ a and a are symbols of algebraic quantities, while + ( + a) 
and + ( a) are symbols of algebraic quantities with signs of 
operation prefixed to them. If that is so, then +a and +( + a) 
are not identical in meaning, nor has a the same meaning 
as + ( ). But then, what interpretation are we to give to 
the symbol = ? Does not this symbol, in the equations +(-f a) 
= +0, and +(a) = a, mean that the equated expressions 
are equivalent symbolisms ? But if they are equivalent sym- 
bolisms how can they at the same time differ in meaning ? 

I note, next, the following passages : 

'Strictly speaking, positive and negative quantities are not 
comparable as to magnitude, seeing that they are heterogeneous. 
Thus, for example, we cannot in the ordinary sense of the words 
say that " 5 due to A " is either greater or less than " 3 owed 
uy A 

'It is usual, however, to establish a conventional test of 
inequality between positive and negative quantities by laying 
down that the algebraic quantity a is greater or less than the 
algebraic quantity b according as the reduced value of 0-6 is 
positive or negative ' (p. 19). 

The first of these two paragraphs will hardly appear con- 
vincing to any one who reflects that we could and would say, 
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in the given case, and in the ordinary sense of the words, that the 
sum due to A is greater than the sum owed by him ; and that 
if we were asked, By how much greater ? we would not hesitate 
to answer, Greater by 2. It is also quite a common thing to 
say that a man's assets exceed, or fall short of, his liabilities. 
If we consider that quantity, whether positive or negative 
(i.e. thought of in relation to measurable things or actions 
' objects of measurement ' which, in given circumstances, evoke 
the notion of measure in opposed directions) is still quantity ; 
and that, from the point of view of abstract measure, quantity 
and magnitude cease to be distinguishable, we shall find it very 
difficult to agree with the above statement. For my part, I see 
in it an untenable position, to escape from which it is necessary 
to invent a fiction, a ' conventional test of inequality *, the 
convention apparently consisting in the use of the ambiguous 
expression ' reduced value ', coined, so it seems, in order to avoid 
the palpable inconsistency which would be involved in the use 
of the word subtraction in relation to two quantities said to be 
not comparable as to magnitude. 

The algebraic symbolization of this conventional test of 
inequality between a positive and a negative quantity, and 
between two negative quantities, affords an instructive example 
of the inanities in symbolism, the mere playing with symbols, 
into which we lapse when we fail clearly to realize that the 
development of a symbolic system follows upon and expresses 
the development of conception, and that to invert this process, 
to suppose that development of conception waits upon or 
results from that of symbolism, merely leads (as we shall see 
presently) to the mystical supposition that the process of con- 
ceptual development is, or ought to be, something other than 
we actually find it. It will be sufficient to consider the algebraic 
symbolization of the test in the case of its application to the 
comparison of a positive with a negative quantity : 

* If a be any positive quantity, say -f a, b any negative quantity, 
say ft (here a and /? are absolute quantities), then ab +a 
_(__ p) = -4.0,4.^ and obviously has a positive value. Hence 
any positive algebraic quantity, however small absolutely, is 
greater than any negative algebraic quantity. 1 

In a similar way it is shown that 
' one negative quantitv is greater or less than a second according 
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as the first is absolutely less or greater than the second' 
(p. 19). 

In case it should not be quite clear what I mean by calling 
this an inanity in symbolism, or a play upon symbols, I will 
explain. But before I do so I should like to go back to the 
underlying idea that positive and negative quantities are not 
strictly comparable as to magnitude, so that we are led to invent 
a conventional test of inequality between them. The point is, 
how does this idea of heterogeneity between positive and negative 
quantities arise ? Does the assertion really correspond with the 
mental fact, and is the conventional test anything but an 
endeavour to establish this correspondence by a play upon 
words ? We cannot but remark that this assertion about 
positive and negative quantity in the abstract is in obvious 
conflict with the way in which we think and speak of positive and 
negative quantities in particular and in the concrete. We cer- 
tainly do think about, and say of, opposed forces, velocities, 
accelerations, momenta, &c., that they (each of their kind) arc 
equal to, greater or less than, one another ; we say, of an excess 
above a mean, that it is equal to, greater or less than, a defect 
from the mean ; we say that a length, measured in one direction 
from a point of origin, is equal to, greater or less than, a length 
measured in the opposite direction from the point of origin ; 
some of us think and say that a credit is equal to, greater or 
less than, a debit and I think it not improbable that the 
mathematician thinks and says so too when he is not hampered 
by a conventional test of inequality. What, then, can the 
motive be which prompts mathematicians to say, of positive 
and negative quantities in general, or in the abstract, that 
which they do not appear to think, and certainly do not usually 
say, of positive and negative quantities in particular, or in 
concrete cases ? It is, perhaps, this : that if we were to admit 
equality as a possible relation between positive and negative 
quantities we should have to admit such algebraic expressions 
as -fa = -a, which would bring the system into utter con- 
fusion and entail a complete reconstruction of it from the very 
beginning. I can think of no other motive sufficiently imperative 
to prompt a statement so difficult to reconcile with the actuality 
of our conceptions and the phraseology in which we habitually 
express them. But if this statement is to be thus accounted for, 
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it merely affords a striking example of the tyranny which 
symbols exercise upon us when we cease to regard them from 
a purely rational standpoint, and fall into the mystical attitude. 
Such a conflict as this, were it real, between the symbolism of 
algebra and the nature of the conceptions which give it birth, 
would be the condemnation of the former. But there is in 
reality no such conflict, and no necessity to seek refuge from 
it in a conventional test of inequality. A mathematical symbol, 
like any other symbol, has that meaning, or those meanings, which 
we please to assign to it ; its sense is the sense in which we actually 
use it. Well, what is the use to which mathematicians actually 
put the symbol =, which they define as ' is equal to'? To 
denote, not mere equality, but identity. Hence, as neither they 
nor any one else thinks of a positive quantity as identical with 
a negative quantity, they cannot admit +a = a as a valid 
expression of their thought. But while they actually use the 
symbol = as a symbol of identity, they customarily term it 
a symbol of equality ; hence the apparent, but quite unreal 
necessity of concluding that there cannot be equality between 
positive and negative quantities, that these quantities are not 
properly comparable as to magnitude, and that the fact that 
we continually do thus compare them is to be ignored, and 
something which is called a conventional test of inequality 
substituted for it. 

Although I believe it cannot fail to become clear to any one 
who reflects upon the principles of algebraic symbolism that 
the sign =, though commonly referred to as a sign of equality, 
is in reality always used in algebra as a sign of identity (which 
of course includes equality), yet I may as well reinforce this 
position by quoting the mathematical expert himself. If the 
reader will refer to pp. 46 and 47 of the textbook, he will see 
that equations are there classified as Identical and Conditional ; 
and he will also see that a conditional equation is a conditional 
identity, although this is not stated in so many words. The ex- 
amples given make this quite clear : 

' For example, (x + 1) (x i) = # 2 I, and 3x24-2x2 = 
5x2 are identities; but 2# 3=# + i, and x+y=x*+y* are 
conditional equations ' that is, conditional identities. Then, 
commenting on the use which some writers make of the signs = 
and = in order to distinguish between these two cases, the 
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author states that he adheres in general to the old usage for 
a variety of reasons : ' Chief among them is the view which will 
be found to pervade this book, that all algebraic equality (which 
is not approximate) is, at bottom, identity. The same is true of 
arithmetic equality. Algebra is, in short, " the Calculus of 
Identity " ' (footnote, p. 47). 

There is, then, nothing in algebraic symbolism to induce us to 
shut our eyes to the evidence which our conceptions carry in 
themselves. Any one who finds that the relation between 
positive and negative quantity is in no way different in the 
abstract from what it is in the concrete, in the general from what 
it is in the particular, may admit this without the least fear of 
thereby damaging the validity of algebraic symbolism, and may 
proceed in the even tenor of his way with complete indifference 
to conventions which embody no real process of thought. And 
this brings us back to the consideration of the conventional test 
in question as expressed in algebraic symbolism. I averred this 
process to be equivalent to what, in ordinary language, would 
be a mere play upon words ; and I think this describes it with 
very tolerable accuracy. Let me repeat here the paragraph 
already quoted : * If a be any positive quantity, say -fa, b any 
negative quantity, say (here a and ft are absolute quantities), 
then a # = 4- a ( p)= +a+/3, and obviously has a positive 
reduced value. Hence any positive algebraic quantity, however 
small absolutely, is greater than any negative algebraic quantity/ 

Now this paragraph follows almost immediately upon the 
explanation given of the difference between arithmetical and 
algebraic quantity and their respective symbols. In effect, 
then, it amounts to this : If, ignoring the symbolic distinction 
just given between arithmetical and algebraic quantity, we make 
a and b symbols respectively of a positive and of a negative 
quantity ; and, at the same time admitting this symbolic 
distinction, we symbolize these quantities by -fa and -/?, 
then we may write 0=+ a , b=-ft, and it will follow that 



Certainly ; but while we are about it we may as well strip 
the process of its transparent disguise, and, as before, at once 
ignoring and recognizing the said symbolic distinction, write 
a=:+a, b=-b, whence it will follow that ab= + (-&) = 
an equation which is perfectly legitimate under the 
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condition that a and b in the left-hand member respectively 
symbolize a positive and a negative quantity, while in the other 
members they symbolize arithmetical quantities. Or, again, 
we may put it that in the left-hand member the qualificative 
signs of the quantities are implied or understood. Make explicit 
what is implied and write -f-fl-(-J) = +a (-6). All this is 
mere play with symbols ; but, as thus put, it is play open and 
undisguised, and we are under no illusion that a process of con- 
ception is thus being developed. 

Now in whatever way the alleged notion of heterogeneity 
between positive and negative quantity may have arisen, and 
whatever may be the connexion between this notion and the 
conventional test of inequality, and between the conventional 
test and the conclusions that any positive quantity, however 
small, is greater than any negative quantity, and that one 
negative quantity is greater or less than a second according as 
the first is absolutely less or greater than the second if these 
conclusions are accepted (that is, accepted verbally and in the 
belief that they have a definite conceptual content), there will 
follow the further convention in symbolism : 

' If, therefore, we use oo to mean a quantity greater than any 
assignable quantity, then we may symbolize the whole series 
of algebraic quantity by 

oo ... 2... I... 0... +1... +2... H-oo 

the order of ascending magnitude being from left to right.' 

That is, we are supposed to have arrived at a general con- 
ception of algebraic quantity, conventionally expressed in the 
above manner, the characteristic feature of which lies in the 
ascending order of magnitude from oo to +00; positive and 
negative quantity starting from no quantity and respectively 
growing more and more, and less and less. Any one who can 
recall his schooldays, in particular his initiation into the mysteries 
of algebra will, I doubt not, also recall the bewilderment produced 
in his mind by the authoritative divulgation of quantities less 
than no quantity and infinitely less than no quantity : a bewilder- 
ment which gradually yielded to the lethal effect of a sufficiently 
oft-repeated formula, accepted as significant with the trustfulness 
natural to youth and ignorance at the bidding of the pastor and 
master. 

Surely that cannot be essential in algebraic convention which 

BERKELEY 



obliges us to disregard clearness of conception and cast a slur on 
common sense. 4 Quantity * is the name of a relation the con- 
ceiving of which is in no way modified when we combine with it 
that of opposition in measure between the * things ' quantitatively 
related ; and the case is in no wise altered when, the nature 
of the 'tilings* becoming indifferent to the purpose of our 
thought, we make abstraction of them altogether and confine 
the subject of thought to this abstract combination of quantita- 
tive relation and opposition in measure. This amounts to saying 
that the term ' algebraic quantity \ or its equivalent in algebraic 
symbolism, expresses this abstract combination, and not any 
modification or extension of the idea of quantity. From this 
point of view, which at least does no outrage to common sense, 
such a phrase as * the series of algebraic quantity extends in 
ascending order of magnitude from o> to 4- c is a phrase and 
nothing more : it corresponds to no real process of conception. 

Let us return now to the rule of signs and its illustration by 
means of credit and debit. As l>cfore, let +ab + cd + e 
~.f + g }i symlxJize a summation of credits and debits in terms 

of any monetary unit A. In accord with the rule of signs we 

may break up this sum into the group-form 

+ ( + a-b)~(-C + $+( + C-f)~(-g + h) ... (I) 

Now suppose the credits and debits arc* to l>e expressed in terms 
of a monetary unit the nth part of A. Then we might write 
(I) thus : 4- ( 4- n x a - n x 6) - &c. But by convention we may 
more briefly write it thus : 

-fn( + a~6)-n(-c-*-i)+( + c /)-n(-g-f A) . (2) 
Now if in (i) we suppose a>b t c<d t c<f t g>h, and symbolize 
these differences in their order by +p, + q, r, s, we shall 
get (i) in the form 

+ (+#)-( + }) + (-r)-(-s) (3) 

and we shall get (2) in the form 

+n(+0)-n( + g)4-tt(-r)-n(--s) (4) 

But since (3) is by the rule of signs equivalent to + -?-? + s, 
and since the balance, whether credit or debit, must in (4) be 
measured by a number n times that by which it is measured in 
(3), we must admit, as a legitimate result of the rule of signs 
and the above convention, the equation 
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Thus, generalizing, +n( p)> n(+q), +n(~ ?), ~n( s) are, 
in virtue of the said rule and convention, symbolic expressions 
of quantities whose measures respectively are n x p, n x q, n x r, 
nxs, and whose signs respectively are + ,-,-,+. It will 
be remarked that we arrive at this result without using any 
such phrases as ' the multiplication of one algebraic quantity 
by another algebraic quantity ', or ' the multiplication of an 
algebraic sum by an algebraic quantity ', or f positive and 
negative multiplication ' whatever such phrases may mean. 
We have been concerned simply with two conjoined but quite 
distinct operations, viz. multiplication and sign-determination 
in accord with the rule of signs. 

The operation of the rule of signs in conjunction with that of 
multiplication is explained in chapter iv of our textbook, under 
the title ' The Law of Distribution '. I naturally presume that 
explanation to be in accord with the views of mathematicians. 
It betrays, in my opinion, clear evidence of a fresh lapse into the 
region of mysticism. I need not go beyond the first page of 
this explanation in order to make my meaning plain : 

' The primitive meaning of multiplication is repeated addition. 
Thus 8 X3 is a contraction for 8+8 + 8. 

' In our discussion of the laws of commutation and association 
for multiplication and division we considered only the case where 
the operands are absolute, i.e. merely arithmetical quantities. 
The further points that arise when the operands are algebraical 
quantities that is to say, absolute quantities with the signs 
+ or attached are most conveniently considered in connexion 
with the Law of Distribution, which is the last of the three 
fundamental laws of algebraical operation.' 

Let me here once again emphasize the absolute necessity, 
in expounding the principles of any system of symbolizing 
thought, of never allowing the distinction between the process 
of thought and the process of symbolization to lapse from the 
mind, however convenient for brevity's sake it may be to refer 
to the symbols as if they were one and the same with that 
which they are intended to symbolize. Once the principles are 
understood and agreed to, the necessity is no longer imperative 
but incidental. 

' Reverting to 8x3, let us write the product more fully as 
( + 8)x(+3), and notice that we may also write 8 + 8+8 more 
fully in the form +8 + 8 + 8, or if we choose +8xi +8xi 

H2 
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+ 8xi. Remembering that +3 is a contraction for 

we may therefore write the equation 8x3=4-8 + 8 + 8 in the 

forms 



= 4-8 + 8 + 8 =+24 . . . (i); 
or ( + 8) x( + i + i + i) = +8xi + 8xi+8xi . .. (2).' 

It follows of course from this that 8x3=4-24, and that 
24= +24. It follows, in short, that if we abolish the distinction 
in symbolism between arithmetical and algebraic quantity we 
abolish that distinction. This is not an instructive explanation, 
even though it be presented as an example of ' multiplication 
by a positive multiplier '. There is obviously here an apparently 
gross inconsistency with what has gone before. After carefully 
elaborating the distinction between arithmetical and algebraic 
quantity and the correlative distinction between their symbols, 
this distinction is summarily abolished by writing 8x3' more 
fully* as ( + 8)x( + 3)! We may ask: Since you abolish the 
symbolic distinction between arithmetical and algebraic quan- 
tity why not as well write 8x3' more fully ' as ( 8) ( +3), or 
( +8) (-3), or (-8) (-3) ? I suppose Professor Chrystal would 
answer, with Cayley, that ' the numbers or magnitudes which 
we represent by symbols are in the first instance ordinary (that is, 
positive) numbers or magnitudes ' ; x and that the laws of algebra 
subsequently lead us to introduce ' essentially negative ' quantity. 2 
Thus 8x3 would be merely an abbreviation of ( + 8) ( + 3). But 
this is obviously inconsistent with the distinction previously 
drawn between arithmetical quantity on the one hand and 
algebraic, i.e. positive and negative, quantity on the other; 
it could only be maintained by making ordinary or arithmetical 
quantity = positive quantity, and algebraic quantity = negative 
quantity. 

I am unable to see, in this opinion of Cayley's, apparently 
shared by Professor Chrystal, anything but a sheer illusion 
as to the nature of the conception of quantity, an illusion 
explicable only, it seems to me, as the result of an unperceived 
reaction of the process of algebraic symbolism upon the process 
of thought. Quantity, in the first instance, and in the last, 
is no more positive than it is negative. The terms ' positive ' 

1 See p. 82 (On Cayley's Presidential Address). 

2 introduction to Algebra, p. 184. 
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and ' negative ' are correlative ; and consequently it is not clear 
what significant purpose can be served by calling quantity 
positive (or negative) save in express contradistinction to calling 
it negative (or positive). 

It would be tedious, and it is unnecessary, to pursue this 
criticism of 'algebraic multiplication' throughout its development 
as given in our textbook ; but the point of the criticism may 
perhaps be made still more clear if we consider one more, the 
next, step in this development, viz. simple ' negative ' multiplica- 
tion. This is explained as follows : 

' We thus look upon multiplication by a positive multiplier 
as a contraction for repeated addition. In like manner, it is 
natural to regard multiplication by a negative multiplier as 
a contraction for repeated subtraction. Taking this view, we 
have 



It may be that if any one conceives repeated addition as 
4 positive ' multiplication he will also be able to conceive repeated 
subtraction as ' negative ' multiplication. But why should we 
not as well reason in the following manner : Multiplication and 
division are inverse operations. To multiply 8 by 3 is to add 
8 and 8 to 8, which gives 24 as the product of 8 by 3. The 
inverse of this operation is to divide by 3 this product 24, or to 
subtract 8 and 8 from 24, which brings us back to 8, the quotient 
of 24 by 3. Now ( +8) ( +3) being 8x3 written ' more fully ', 
so that ' ( +8) ( +3) = +24 ' means the same as '8x3 = 24 ', 
and division or repeated subtraction being the inverse of multi- 
plication or repeated addition then if ' it is natural to regard 
multiplication by a negative multiplier as a contraction for 
repeated subtraction ', it will follow that the inverse of the 
process symbolized by (+8) (4-3) = -1-24, that is, the division 
of 24 by 3, must be symbolized by (+24) (3) = +8. Hence 

also, if this operation, commonly written =8, be likewise 



written more fully - = + g, we get = ( + 24) (-3) and, 

+ # 
in general, ^ = (+<*) (-6). 

This reasoning is neither more nor less cogent than that in the 
text criticized ; and neither the one nor the other has any real 



value because they both proceed from the same vicious reaction 
of symbolic forms upon the conceptual process. The expres- 
sions ' positive * multiplication and c negative ' multiplication 
have no literal meaning, that is, they do not correspond to any 
modification of the conception of multiplication or repeated 
addition ; and to found an argument on a verbal implication 1 
which does not correspond with the mental facts is to fall into 
mysticism. 

I can understand the multiplication, or repeated addition, 
of an arithmetical quantity ; the multiplication, or repeated 
addition, of a positive quantity, or of a negative quantity ; 
but the ' positive ' and '.negative ' multiplication of any of these 
quantities has for me no meaning at all. There is, of course, 
no reason why we should not use the expression ' algebraic 
multiplication ' as a technical term or brief way of indicating 
a dual operation, viz. multiplication and sign-determination ; 
and I am quite prepared to be told that I am forcing an open 
door that this is, in fact, the sense in which this expression is 
understood by algebraists. But if that is the case why do they 
not plainly state it instead of concealing it within a maze of 
confused and ambiguous phraseology ; and why do they give 
explanations of this process which obscure, instead of making 
plain, its real nature ? 

I am far from affirming it would be impertinence on my part 
to affirm that there are not mathematicians who take a rational 
view of the process of algebraic symbolism in general ; but I think 
these ambiguities of phraseology, and these explanations which 
do not explain, are in themselves evidence of a lapse from the 
rational to the mystical, of a reaction of symbolism upon the 
process of conception which, not being realized, produces 
illusion of judgement as to the real nature of that process. In 
ultimate analysis this appears to be due to the simple fact 
that we find the expression of thought ready made for us, and, 
instead of having to originate symbolism (an effort which involves 
vivid awareness of the distinction between expression and that 
which is expressed), merely learn it, and, in large measure, learn 
to think in learning to speak. Thus the two processes often 
seem to be one and the same, and some persistency of effort is 
required adequately to realize the duality and the nature of the 
interdependence. It is in the persistence of this effort that we 
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come to apprehend the conditions of the problem of expression 
as it presented itself to the originators of any system of symbolism 
and to those who successively perfected and developed it ; 
and it is also in the persistence of this discrimination that we 
avoid falling into a mystical attitude of mind. 

But this is not the way in which at present the beginner is 
taught algebra, and the teacher himself seems to have learnt in 
no other way than the way in which he teaches. The ineptitudes 
which, even now, after all the efforts at reformation made by 
Professor Chrystal and many others, characterize the orthodox 
exposition of elementary algebra, appear to be in the main due 
to an insufficiently clear and pervading sense of the difference 
between thinking and symbolizing, and of the mode of action 
of a system of symbolism in the development of a process of 
thought. In every one of the illusory judgements to which we 
have called attention we can trace the retro-active and distorting 
pressure of the symbolism used. To return to the case we have 
just had in review, that of ' algebraic multiplication '. Expres- 
sions of the type (+a)x(+b), ( + a)x(-b), &c., are introduced 
to the learner not as expressions which result inevitably from 
the application of conventions previously explained, but as 
symbolic forms giving expression to an extension of the ordinary 
or primitive concept of multiplication. He has learnt that 
+ a, -b, &c., are symbols of algebraic quantity ; he finds them 
here conjoined with the symbol of multiplication ; and he is 
told to read the combination as symbolizing the conception of 
an operation which, in ordinary language, is described as the 
multiplication of one algebraic quantity by another, or as positive 
and negative multiplication of a positive quantity, and of a 
negative quantity. His attention is not recalled to the fact that 
in the very adoption of the antecedent conventions for grouping 
without ambiguity symbols of algebraic quantity, the qualifying 
signs 4- and lose the definite meaning which they have in 
isolated expressions such as +a, &, or in a simple chain or sum 
of such symbols, so that, in such group-formations, the qualifica- 
tion of any quantity whose measure is, say, n, is only unam- 
biguously symbolized by a context or conjunction of the signs + 
and ; in other words, that in such group-formations we cannot 
regard a combination such as +a or b as symbolic respectively 
of a positive quantity whose measure is a, or of a negative quantity 



whose measure is 6, so to regard them being plainly inconsistent 
with the conventions adopted. Thus when we get such an 
expression as ( + a) (-b) and, yielding to the suggestion which 
the very form of it conveys to the mind, we look upon the +a 
and the b contained in it as respectively symbolizing a positive 
and a negative quantity, we misinterpret the artifices of expres- 
sion which we have ourselves invented or adopted, and this 
misinterpretation in its turn reacts upon and distorts the 
judgement we make of the process of thought which suggested 
them. Instead of interpreting (+a)(-b) as symbolic of a 
quantity whose measure is the product axb (number being 
the measure of purely abstract quantity), and whose qualifica- 
tion is, according to the rule of construction and interpretation 
adopted, negative, we say that it symbolizes the multiplication 
of a positive quantity by a negative quantity, or vice versa, 
and then proceed to invent explanations of this new kind of 
multiplication. 
The fact is, as we have seen, that such equivalences as +ab, 

(+*)( + &), (-)(-&); -d>, (+)(-&), (-)(+&) inevitably 
arise in the application of the admitted conventions, and are 
nothing else than the different ways in which, consistently with 
these rules, a multiple quantity, positive or negative, may find 
itself expressed. We should not allow ourselves to be hypnotized 
by the mere form of these expressions into the belief that we 
conceive some sort of process literally definable as the positive 
or negative multiplication of a quantity either positive or 
negative. ' 

But if, instead of a rational, we take a mystical view of this 
dual process which is called algebraic multiplication ; that is, 
if the judgement we pass (either explicitly or implicitly) upon 
the conceptual process which prompts the symbolization, involves 
a fictitious element of which we are unaware, then we shall 
evidently come to the consideration of algebraic ' roots ' and 
' powers ' under bias of this mystical view, and the fictitious ele- 
ment will reappear in the judgement of the thought-process sym- 
bolized by these forms. If this is the case the question at once 
suggests itself whether this illusion in judgement is not in some way 
connected with the * notion ' (belief?) derived, according to Cayley, 
from Harriott's symbolization of an equation in the form / (x) = o, 
that an equation of the order n ought to have n roots j which 
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in turn leads to * the notion which is really the fundamental one . . 
underlying and pervading the whole of modern analysis . . 
that of imaginary magnitude. . . .' 

It is this question, and the further analysis of elementary 
algebraic forms to which it gives rise, which constitute the sub- 
ject-matter of the next chapter. 



CHAPTER VIII 

THE CONCEPTIONS AND SYMBOLISM OF ELEMENTARY 
ALGEBRA (continued) 

Analysis of the relations implied by the use of the correlative terms 
Power and Root in Arithmetic and in Algebra. The actual use of the 
power-index is inconsistent with the implied definition of Power and Root 
in Algebra. But this inconsistency is convenient because it confers 
brevity and symmetry upon the symbolic system ; and its real sanction 
lies in its arithmetical interpretability. The convention, once admitted, 
leads by strict analogy to a similar use of the root-index, and suggests 
the pseudo-concept of Imaginary Quantity. The textbook explanation of 
Imaginary Quantity. The sophisms which this explanation involves. 
Recapitulation of the two ways of interpreting the development of sym- 
bolism in Elementary Algebra. Argand's geometrical representation of 
Imaginary Quantities. 

1 IN addition to the four species (of arithmetical operation) it is 
usual, even in arithmetic, to introduce another pair of mutually 
inverse operations, viz. Involution (Raising to a Power), and 
Evolution (Radication or Root Extraction). In the first instance, 
at least, these new operations are not independent of those 
already enumerated. Involution is, in fact, repeated multiplica- 
tion : thus 3, 3x3, 3x3x3, 3x3x3x3, . . . are represented by 
3 1 , 3 2 , 3 3 > 3 4 , - - and are described as three to the first power, 
three to the second power or three square, three to the third power 
or three cube, three to the fourth power, . . . and in general 
a x a x a . . . (n factors), n being of course an arithmetical integer, 
is contracted into a n . . . . The quantity whose nth power is a is 
called the nih root of a, and is denoted by tya, . . .' 1 

So far as arithmetical quantities are concerned we have here 
a clear explanation of the numerical relations which are intended 
to be conceived under the correlative terms ' root ' and ' power '. 
But I am unable to find, anywhere in the textbook under 
consideration, an explicit definition of the relations intended 
to be conceived when the terms ' root ' and ' power ' refer to 
algebraic quantity. I suppose, however, that the definition 
would run somewhat as follows : An algebraic quantity is termed 
a power in relation to another algebraic quantity, which is termed 
1 Introduction to Algebra, p. 5. 
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a root, when the former arises from the involution of the latter; 
or, conversely, an algebraic quantity is termed a root in relation 
to another algebraic quantity, which is termed a power, when the 
former arises from the evolution of the latter. 

This definition, however, is of no use to us unless we know the 
exact sense in which the words ' involution * and * evolution ' are 
used in relation to algebraic quantity. But if, in order to find 
this out, we turn to the Index of Technical Words and Phrases 
given in the beginning of the book, we find ourselves referred 
to p. 5, that is, to the explanation already quoted, in which the 
meanings of the terms ' involution ' and ' evolution ' are explained 
only in relation to arithmetical quantity. 

In these circumstances we must suppose that what algebraists 
precisely conceive under the correlatives ' root ' and c power ', 
when these terms refer to algebraic quantity, is intended to be 
revealed by the study of the contexts in which these terms 
appear, by the use to which they put indices or exponents of 
power and the radical sign, and by the manner in which they 
combine these new conventions with the others, especially with 
the rule of signs. Let us take the simplest examples possible, 
and, using the current phraseology of algebraic exposition, 
consider how far they reveal a clear process of conceiving and 
of symbolizing. 

First, according to the convention of indices, so far as actually 
explained, we have 

axa=a* (i) 

The same convention, if we extend it to f algebraic quantities ' 

gives 

(+a)(+a)~(+a)* (2) 

(-)(-*) = (-*)* (3) 

Next, by the rule of signs, we have 

+(axa) (4) 

+(0x) (5) 

-(0xa) (6) 

Now it is the actual practice of algebraists to equate (4), (5), 
and (6) respectively to +a z , + a*, ~a 2 . I suppose the explana- 
tion of this to be that by equation (i) we may substitute a 2 for 
(ax a) in (4), (5), and (6). But it will be seen, by comparing 
(2) and (3) with (4), (5), and (6), that in effecting this substitution 



we introduce an ambiguity in the use of the index. That is to 
say, an index being an exponent of power, and the terms power 
and root being used as correlatives, we fail so far to form a definite 
and stable conception of the relation implied by these correlative 
terms as applied to algebraic quantity. For in (2) and (3), con- 
structed analogically from (i), the index 2 clearly refers to the 
number of ' algebraic quantities ' (+a) or (-a) ; but in (4), (5), 
and (6), when equated to + <z 2 , -fa 2 , a 2 , the index appears to 
refer to the number of arithmetical quantities a t and in (6) 
certainly cannot refer to two ' algebraic quantities ', +a, or 0. 
Now if, on the one hand, it is agreed that the numbers 
i, 2, 3, ... n, employed in this particular manner, shall indicate 
i, 2, 3, ... n identical ' algebraic quantities multiplied together ', 
or, in other words, shall be indices of the successive orders of 
power of the identical quantity or root an agreement which 
definitely fixes the relation intended to be conceived in the 
correlation of the terms ' root ' and ' power ', as predicated of 
algebraic quantity then it is inconsistent to transform the 
expression (+a) (a) into a 2 , since the number 2, thus used, 
is by definition an index or exponent of power, that is, designates 
an algebraic quantity which stands to some other algebraic 
quantity in the relation of power to root, which is not here the 
case, since +a and a are not identical. If, on the other hand, 
it be agreed that integers, thus used, are to indicate the number 
of arithmetical quantities multiplied together, then the relation 
conceived under the correlated terms ' power ' and ' root ' is an 
arithmetical relation, and it is meaningless to speak of an alge- 
braic quantity as a power or as a root. 

But algebraists do speak and write, throughout algebra, of 
roots and powers as algebraic quantities ; thus, notwithstanding 
the inconsistency which attends their employment of indices, we 
cannot doubt that the relation which they conceive between two 
algebraic quantities which they respectively term root and power 
is that indicated in the first of these alternatives. But let me 
add here that I am far from asserting that a use of indices which 
is inconsistent with the nature of the relation conceived is 
necessarily a vicious use. It need not be so, provided we are 
clearly aware of the inconsistency, and deliberately accept it 
for the sake of the brevity and symmetry it confers upon the 
system. The danger to clear thinking, and the tendency to 
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pseudo-conceiving, lie in not being aware of the inconsistency, 
or in shutting our eyes to it, for this is to remain defenceless 
against a prejudicial reaction of symbolic forms on the process 
of conception. 

We may at this point pause to recall for a moment Mr. White- 
head's explanation of the enigma involved in the doctrine of 
imaginaries in algebra especially the view that the laws of 
algebra, though suggested by arithmetic, are independent of it, 
and that once algebra is conceived as an independent science 
dealing with the relations of certain marks conditioned by the 
observance of certain conventional laws, the difficulty vanishes. 
In my criticism of this view I remarked that so to conceive 
algebra is just as great a difficulty as the difficulty it is supposed 
to remove, because no intelligible account can then be given of 
the invention, the mison d'etre, of the relations, conditions, and 
laws or conventions affecting the symbols or marks. But it 
seems to be at least involved in this conception of algebra thai- 
its laws develop in self-consistency, however obscure the motive 
or cause of this development may be. The inconsistency in 
development which has just been pointed out seems, then, to be 
absolutely fatal to this view. The symbolism of algebra develops 
here in defiance of logical consistency ; and the real sanction of 
this inconsistency in symbolism plainly is that it is arithmetically 
intelligible or interpretable. 

The dilemma in which the orthodox exposition of root and 
power leaves us is quite clear. We cannot escape from the choice 
between two equally embarrassing conclusions. The correlative 
terms root and power either are or are not intended in algebra 
to indicate a relation which is different from that indicated in 
arithmetic by this correlation. While the orthodox exposition 
makes it clear that the correlation intended is not simply arith- 
metical, but algebraic, we cannot admit it without at the same 
time condemning as illogical the actual use of indices or exponents 
of power. On the other hand we can regard the actual use of 
exponents of power as logical, but we can then admit no difference 
between arithmetical and algebraic root and power, and it 
becomes meaningless to say that +# 2 has two roots and eft none, 
and absurd to go on to invent two roots for a 2 . Here again we 
have no option but to abandon the orthodox, which is also the 
mystical, standpoint, and return to common sense. But we may 



as well first consider briefly the use to which algebraists put the 
radical sign V. 

' The quantity whose nth power is a is called the ^th root of a, 
and is denoted by tya, a being called the Radicand, and n the 
Order of the Root ; and the operation of deriving V a from a is 
called Evolution, Root Extraction, or Radication > special cases 
are the second root or square root, written Va ; the third root 
or cube root, written v0. If a=b n , b being any ordinary 
arithmetical quantity, it is at once obvious that b satisfies the 
definition of </b n . It also follows from the definition that the 
nth power of Va is a. From these remarks the mutual inverse- 
ness of Evolution and Involution, regarded as arithmetical 
operations, follows at once/ l 

We note, first, that b being any ordinary arithmetical quantity, 
b satisfies the definition of tyb n . That is to say, Vb n = b. Thus 
A/a 2 = a ; and, since ax a a 2 , we also have Va 2 x */a 2 =a 2 . 

In combination with the rule of signs we then get : 

+ (ax a) = 4-a 2 ; hence +(</a*x \/a 2 ) = -fa 2 ; 
( 4-a) ( 4-a) = 4-a 2 \ hence ( 4- A/a 2 ) ( 4- A/a 2 ) = 4- a 2 ; 
(-a) (-a) = + a 2 ; hence (- /a 2 ) (- A/a 2 ) = 4-a 2 . 

Now 4- a 2 is a ' square * or power of the second order, and the 
square roots of 4-a 2 are 4-a and a. Hence by the last two 
identities 4- VcP and Vcfi also symbolize the square roots of 
4-a 2 . That is, using the radical symbol, A/ 4- a 2 = 4- Va 2 or 
-A/a 2 . 

Again, and for similar reasons, since we have the inconsistent 
expression (4-a)(~a) = a 2 , so, to be consistent in incon- 
sistency, we must also have ( 4- A/a 2 ) ( -/a 2 ) = a 2 . 

It is needless to repeat again here, and in detail, what was said 
in the last chapter on algebraic multiplication. I shall be under- 
stood if I simply reiterate the statement that in an expression 
of the type ( + a) (-b) . . . the combinations 4-a, 6, &c., are 
not symbolic of algebraic quantities. We may call them and 
they already are so called ' factors ' of a complex expression 
for algebraic quantity. In the particular case where the factors 
are identical, if the terms root and power are used, we shall 
consider these words as technical terms respectively for the 
repeated factor and for the complex expression, no matter in 
which of its equivalent forms the latter may actually be written. 

1 Ibid., p. 5. 
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It is significant, then, and also true, that +aa, or 4- a* is a power 
which has two roots, +a and <2, for this statement means 
nothing more than that, in accordance with the rule of signs, 
( + a)( + a) and (-a) (-a) are equivalent expressions for +aa, 
or, according to the convention of indices, for +d 2 . 

But we remain with the actual inconsistent use of power 
exponents which gives us such expressions as a 2 , a*, a 6 , ... 
-a n (where n is an even integer), so that we have a defective 
correlation of power and root, or the absurdity of powers which 
have no roots, powers which are not powers. We could of course 
get rid of this absurdity by going back upon our steps and 
refusing to employ these inconsistent expressions ; but as this 
would mean loss of symmetry, of brevity, and of convenience, 
and as symbolic systems are made for man, not man for symbolic 
systems, it is quite certain we shall do nothing of the kind. 
Nevertheless, in a science whose especial boast it is to be rigorously 
logical, the presence of an absurdity or inconsistency will with 
difficulty be tolerated by its votaries and adepts. If it is possible 
to invent any fresh artifice which shall afford a logical justifica- 
tion of such expressions as 2 , a 4 , ... that is, if they can be 
turned into powers by being supplied with roots, the artifice is 
certain to be adopted, provided it is found not to conflict with 
already established artifices. As we are here taking a common- 
sense view of algebraic symbolism, we shall at the same time 
recollect that in the devising of such an artifice the roots to be 
invented need not, any more than any other roots, be symbolic 
of algebraic quantities. 

Let me suppose a belated algebraist who has never even 
heard of imaginary quantity ; who attaches clear and definite 
meanings to the terms root, power, and index or exponent of 
power with reference to algebraic quantity ; who is quite aware 
of the inconsistency involved in the extended use of indices to 
cases which do not fall under his concept the ordinary algebraic 
concept of the relation of power and root, but admits this 
inconsistent use for the sake of the greater convenience, brevity, 
and symmetry which it confers on algebraic symbolism. Suppose 
now that such a man, ruminating over the advantages attending 
this extended use of the power-index, should ask himself whether 
some further accession of convenience or symmetry might not 
perhaps result from an analogous extended use of the root-index. 
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I can imagine him reasoning somewhat as follows : If for the 
sake of brevity and symmetry we admit such a combination as 
-a 2 , that is, if we here employ the power-index 2 notwithstanding 
that a 2 does not symbolize an algebraic power, is there any 
valid reason why we should not generalize the procedure by 
admitting such a combination as V a 2 ; that is, use the root- 
index 2 just as we have used the power-index 2, V a 2 not 
symbolizing a root any more than # 2 symbolizes a power, 
and hence write (</-~a 2 ) (V^-a 2 ) = ~0 2 ? 

Of course I should, personally, put the matter somewhat 
differently, since I regard the terms power and root in algebra 
as purely technical, not as indicating relation between one alge- 
braic quantity and another ; but the question as it thus stands 
might be asked, to-day, by any one who had an elementary 
knowledge of algebra, and had not let himself be persuaded that 
he conceives some new kind of quantity which is called ' imaginary 
quantity ' by those who have invented it. And remark that the 
answer to this question is, from a philosophical point of view, 
of very little importance compared with the fact that the question 
itself is a perfectly rational, plain, and straightforward one. 
Without doing violence to common sense, without performing 
any salto mortale in the process of conception, we are brought to 
inquire whether we may not logically admit a fresh combination 
of symbols, the import of which, from the orthodox standpoint, 
is the subject of obscure, incoherent, and at times even self- 
contradictory explanation. So far as we are here concerned 
with the answer to the question, as put by the imaginary alge- 
braist, all we need remark is that the proposed use of the root- 
index is in strict analogy with the previously admitted use of the 
power-index, and that the new artifice thus combines logically 
with those which precede it. The objection that V a* does not 
symbolize an algebraic quantity might be awkward for the 
imaginary algebraist to meet, save after the orthodox manner, 
but it will leave those unmoved who see in it but one among 
other offsprings of a mystical habit of mind. 

It is a difficult matter to judge how much repetition (in various 
verbal forms) may be necessary to make intelligible to others 
a mental standpoint with which one has become familiar, but 
which is probably strange to them. I do not indeed suppose 
that the theory of ' imaginary quantity ' thus briefly sketched 
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will at once be perfectly intelligible to every one whose interest 
in the subject has carried him on to this point ; still less that, 
so far as it may be found intelligible, it will command ready 
assent. The vivid recollection of my own vacillating and blunder- 
ing endeavours to attain freedom from mystical preconceptions 
forbids optimism in expectation. It will probably help to make 
clear this theory of ' imaginary quantity ' and the standpoint 
from which it flows, if I bring them into contrast with the ortho- 
dox point of view and theory as set forth in Professor Chrystal's 
textbook. This will, in other words, be to show that the latter 
theory cannot be admitted by any one who admits the justice 
of the previous criticisms levelled against the orthodox exposition 
of elementary algebraic procedure, and that the former theory 
is not only consistent with, but inevitably flows from, these 
previous criticisms. 

It is under the heading ' Digression on Imaginary and Complex 
Quantity > , 1 and in connexion with the factorization of quadratic 
functions, that the validity of the new departure is discussed : 

' Before proceeding to the factorization of a quadratic function 
in general, it is necessary to discuss briefly a fundamental point 
in the theory of Algebra which now arises for the first time. 
The special quadratic function x 2 + c can, as has already been 
seen, be f actorized by means of the identity # 2 X 2 = (x X) (x 4- X) , 
provided always that c be a negative quantity, say c = d, 
where d is an absolute arithmetic quantity. All we have to do 
is to determine \ so thatj\? = rf ... In short, we may write 
x 2 + c^x 2 (c) = (# A/ c) (x+ <S~c) t so long as c is a nega- 
tive quantity. 

' If, however, c be a positive quantity, we can no doubt write 
# 2 + c=# 2 ( c) ; but the fundamental difficulty arises that 
we can no longer find a real quantity A. such that X 2 = c. 
That this is so will be obvious when we reflect that the square of 
any quantity in the algebraic series of real quantity 

oo, . . . , I, . . . , 0, . . , , +1, . . . , V co 

is positive/ 

The argument contained in this last paragraph can be put 
in a form essentially equivalent to it, but simpler, so that we can 
more readily appraise its cogency. Suppose this positive quantity 
c to be equal to the positive quantity d 2 . Then the argument 
would run, more simply and directly, thus : Although we may 
write x* + d 2 =x 2 -(-d?), we cannot go on to write # 2 -(-d: 2 ) = 
1 Introduction to Algebra, pp. 184, 185. 

BERKELEY j 
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(x - V d*) (x + \/~rf 2 ), because ~^ 2 has no root, is not a product 
of identical factors, is not, in short, a power. In essence the 
argument amounts to this and to no more. But then it is natural 
to ask : If we may not write A/ d 2 because this would be to 
imply that (+d) (d), or dd, or ~-d* has a root, which is not 
the case, why are we permitted to write d?, which implies that 
( +d) ( -d) or -dd is a power, which is also not the case ? And 
if the answer to this question should happen to be that the 
expression d* does not imply that we are dealing with an 
algebraic power, the inevitable rejoinder is : Why, then, should 
it be held that the expression </ d* implies that we are con- 
cerned with an algebraic root ? We go on with the exposition : 

' One way of meeting this difficulty would be simply to note 
and declare that the factorization of x* + c by means of real 
operands is impossible when c is a positive quantity. 

' There is, however, another course open to us. Although the 
laws of Algebra were derived from arithmetic, and we began 
by limiting the operands of Algebra to be arithmetical numbers, 
we have already passed beyond that limitation by introducing 
essentially negative quantity, the unit of which may be taken 
to be -i.' 

Here again we must pause and protest. If there is anything 

really significant in the statement that we overpass the said 

limitation by introducing ' essentially negative J quantity, the 

statement is itself inadequate to the facts, for we must then 

also have overpassed this limitation by introducing ' essentially 

positive ' quantity. I will not repeat here what I have already 

said on this point in the last chapter. But I will observe that 

the concept of quantity, simply, carries with it in my mind no 

implication of positivity or of negativity ; so soon, however, 

as I associate this concept with that of opposition in the ' object 

of measurement ' be it money, force, or what not then, by 

metaphor and for brevity's sake, I carry the opposition from the 

object to the measure. In algebra, as already remarked, this 

' object ' becomes merely quantity in the abstract. I resume 

the quotation from the point at which we last paused : 

' Nothing hinders us from considering whether we might not 
still further enlarge the boundaries of Algebra by defining yet 
another kind of quantity having a new unit. The only point to 
be seen to is that any new kind of quantity must be such that 
we can operate with it together with the old kind of quantity 
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by means of the laws and definitions of Algebra without landing 
ourselves in logical contradiction in brief, without speaking or 
writing nonsense. 

' Our immediate want is an algebraic quantity whose square 
shall be negative. Let us take the simplest case, and define 
a quantity i by the equation i 2 -I. We call i the Imaginary 
Unit ; and the understanding regarding it is that it is to be an 
algebraic operand ; in other words, it is to be obedient to all the 
laws of Algebra. Whether it can be introduced without turning 
Algebra into nonsense will be seen by, and only by, operating 
with it and examining the consequences.* 

With regard to the first of these two paragraphs, I would remark 
that we can speak or write nonsense without necessarily falling 
into logical contradiction. In so far, indeed, as speaking or 
writing nonsense is speaking or writing something which has no 
definite meaning, it is clear that the conditions for logical con- 
sistency or contradiction are simply absent. Next, it may be 
noticed that Professor Chrystal does not, as a matter of fact, 
assert that we can conceive another kind of quantity having a new 
unit. The proposition is that we shall enlarge the boundaries 
of Algebra by defining a new kind of quantity. Whether the word 
' conceive ' is here purposely avoideid, or whether its absence is 
accidental ; whether it is held to be of course implied that in 
defining a new kind of quantity we conceive it, or whether this 
implication is not intended these are questions which naturally 
suggest themselves ; but rational answers to them the orthodox 
standpoint seems unable to supply. Gauss, I believe, was the 
first to substitute the letter i for the combination A/^I. If the 
meaning of this combination requires definition and we define it 
by means of the equation <\/~ i=e, it is somewhat too obvious 
that a symbolic combination, meaningless until defined, is 
defined by another symbol also meaningless until defined. There 
is thus not a little art, and some humour, in defining i by the 
equation i 2 = i, where the defining symbol has a definite 
meaning. 

Being now in possession of the final step in the orthodox 
evolution of imaginary quantity, we can briefly review the 
entire argument, maintaining the two standpoints, the orthodox 
and the unorthodox, side by side, and comparing as we go the 
conceptual homogeneity of the two modes of viewing the develop- 
ment of elementary algebraic symbolism. 

i 2 
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We find ourselves at the parting of the ways the rational way 
and the mystical way at the very outset of the science as now 
taught ; and we take our first step along either the one path or 
the other according as the expression ' algebraic quantity ' 
evokes in the mind a clear and precise, or a vague and mystical, 
conception. If we enter upon the rational way we shall begin by 
rejecting, as a confused assertion due to the reaction of algebraic 
symbolism upon the process of thought, the statement that 
in the first instance as Cayley puts it ordinary numbers or 
magnitudes are positive numbers or magnitudes. 

The next point is the derivation of the conception of algebraic 
quantity. According to the orthodox view, this conception 
proceeds from the Law of Association for Addition and Sub- 
traction, that is, the Law of Algebraic Summation, and in 
particular from the special cases +( + a)=+a, + ( a)= a, 
~ ( + a) = a, ( a) = -f a. Algebraic summation having 
apparently no intelligible meaning until algebraic quantity is 
conceived and its mode of symbolization explained, this view 
may, I think, be briefly described as putting the cart before the 
horse. According to the unorthodox view, algebraic or positive 
and negative quantity is a generalized conception, of which e. g. 
that of credit and debit is a particular instance. Starting with 
such symbols as +a, a for positive and negative quantity, the 
conventions which we adopt to express the transformation of 
simple algebraic sums into groups logically lead to the admission 
of additional symbolic forms for algebraic quantity, viz. + ( + a) 
and ( a) in addition to +a, +(a) and ( + a) in addition 
to a ; and the law of association, or construction, which thus 
also becomes a rule of interpretation, is a statement of this fact. 
To derive the conception of algebraic quantity from these 
equivalent symbolisms for algebraic quantity seems to me to be 
the result of a confusion, of failing to keep clearly apart from 
one another the process of reasoning about quantity and the 
process of symbolizing the reasoning ; and it is this confusion, 
still persistent, which is answerable for the subsequent un- 
intentional sophistries propounded respecting the relation of 
magnitude between positive and negative quantity, sophis- 
tries which issue in the pseudo-concept of algebraic quantity 
as a series of quantity ascending in order of magnitude from 

oo to + co . 
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In giving effect to the conventions governing the different 
forms of expressing an algebraic summation it becomes obvious 
to any one who does not allow the distinction between symbol 
and meaning to lapse from his mind, that in some of these forms 
the combinations +a, #,&c., have already ceased unequivocally 
to symbolize algebraic quantities ; they form part of organized 
expressions for algebraic quantity and have no definite meaning 
apart from the organized context in which they stand. Where 
in an algebraic sum we have algebraic quantities expressed as 
multiples or submultiples, transformations in accord with rule 
and convention issue in symbolic forms of which (+a) (6), 
a/ + b are instances. Since we know how, in the application 
of rule and convention, such forms arise, we can require no new 
rule for their interpretation, and we are thus also armed against 
the mystical illusions which they would otherwise suggest. But 
if we turn to the orthodox point of view we find that symbolic 
results of this type have been unwittingly allowed to distort 
the process of conception, and are presented as symbolic of the 
multiplication or division of one algebraic quantity by another, 
or of the positive or negative multiplication or division of a positive 
or negative quantity ; and this pseudo-conception is explained 
(naturally in a highly artificial and unconvincing manner) as 
a sort of extension or modification of the ordinary conception of 
multiplication. It is, of course, quite permissible, from either 
standpoint, to say that in algebra the terms multiplication and 
division acquire an extension of meaning ; but this would merely 
hide the real difference between the two views, which lies in the 
precise interpretation of this extension, in the answer to the 
question What, exactly, is the nature of the conception corre- 
sponding to the expression ' algebraic multiplication ', or, again, 
' algebraic division ' ? According to the orthodox view, and 
confining ourselves for brevity's sake to multiplication, this 
conception appears to be that of a modification of, or generaliza- 
tion from (it is not clear which), the more simple arithmetical 
operation. According to what I venture to call the rational 
point of view there is no modification or generalization whatever 
of the conception of multiplication, or of division ; these terms 
merely receive an accretion of meaning, that is, for the sake of 
brevity in exposition they are used to indicate at once the opera- 
tion of multiplication or of division, and that of determining the 



sign of the quantity which results from either of the former 
operations. 

If under the expression ' algebraic multiplication ' we have 
allowed a pseudo-concept to gain possession of our minds, it 
will inevitably retain its hold upon us when we go on to algebraic 
involution and evolution. But here, to the mystical illusions 
produced by unclear apprehension of the relation between the 
two processes : the principal or conceptual and the subservient 
or symbolic, there is added a confusion of a quite different kind 
which springs from a discrepancy between the verbal phraseology 
of Algebra and the employment of corresponding specific symbols, 
an incongruity or logical inconsistency between the use of the 
terms l root ' and ' power ' and the use of indices or exponents 
of power. We might almost at this point put the philosophy of 
the whole matter in a nutshell : To the latter (the logical incon- 
sistency) is due the invention of ' imaginary quantity ' ; to the 
former (the mystical illusions) are due the obscurity of the 
discussions concerning the real import of this invention, and 
the difficulties which have stood in the way of recognizing the 
logical, as distinguished from the merely empirical sanction of 
its use. 

On the other hand, if we reject this pseudo-concept of multi- 
plication and division, we shall then be able to take the plain, 
straightforward, and rational view of involution and evolution 
which follows from a like view of multiplication and division. 
If we employ the expression ( algebraic factor ' in the sense already 
suggested that is, as denoting, not an algebraic quantity, but 
a member of the complex expression for an algebraic quantity 
then we can also go on to use the term { algebraic root ' in a con- 
gruous sense, i.e. as the special name applied to an algebraic 
factor where all the factors involved in the complex expression 
are identical. If it is admissible to call an expression such as 
( + a) ( b) ( + c) . . ., or abc . . , a product, it will be admissible 
to call an expression such as ( + a) (+a) (+a) . . n terms, briefly 
written ( + a) n , a power, the factor ( + a) being called a root. 
Is there anything to hinder us, if we find it convenient, from 
extending this use of the .power exponent to cases where the 
factors differ only in sign, and where the expression which they 
constitute cannot, in accordance with the rule of signs, be 
replaced by another in which the signs are all alike ? Only the 
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bare fact that this extension involves a formal inconsistency in 
symbolism, for it does not induce us to false conclusions. 

But if, for the sake of its convenience, we do admit this extended 
application of the power index, it is a consequence of this admis- 
sion that we can further, and logically, admit an analogical 
extension of the use of the root index or radical sign, so that 
it may be said that the invention of * imaginary quantity ' 
rehabilitates the symbolic system, formally re-establishes its 
logical consistency. For if this artifice enables us to do what we 
could not do before, viz. express certain algebraic products as 
products of identical factors, then these factors and products 
will have precisely the same claim to the designations ' root ' and 
f power ' as those other factors and products which have already 
had these names assigned to them. The only consideration 
which makes acquiescence in this artifice difficult, notwithstand- 
ing its logical filiation with those which have gone before, is one 
which springs from looking at algebraic symbolism from a mystical 
instead of from a rational^standpoint. When it is proposed to 
equate (+a)( -a) to (aV -i) (a\/ -i), the ' difficulty ' is felt that, 
while in the first of these expressions the factors +a, respec 
tively symbolize a positive and a negative quantity, in the 
second the factor aV i is uninterpretable as a quantity. But 
it is just this mystical attitude of mind, itself the result of a 
damaging reaction of the symbolism of algebra upon the indi- 
vidual's judgement of his own conceptual process, which leads 
the algebraist to give this interpretation to tiie factors in the 
expression ( + a) (-a). That 'the symbol (-i)4 is absolutely 
without meaning when it is endeavoured to interpret it as a 
number ' is of course merely another way of stating the difficulty, 
but it would never have been felt by the algebraist had not the 
tendency to mysticism overpowered his judgement ; had it: been 
possible for him to withstand this tendency he would never have 
regarded this symbol otherwise than as a constituent part of an 
expression which does symbolize an algebraic number or quantity, 
viz. (-i)*x(-i)i; and we should probably never have heard 
of conceiving or defining a new kind of quantity whose unit is 
V - 1 or i. 

Number and Quantity are neither arithmetical nor algebraic, 
but Arithmetic and Algebra are technical languages designed t<> 



facilitate reasoning about number and quantity. Quantity, as 
such, is neither positive nor negative ; the relation of opposition 
expressed by the correlative terms positive and negative is not, 
as such, quantitative ; but quantitative relation and this relation 
of opposition can be jointly predicated of the things which we 
apprehend under these conjoined aspects. l Algebraic ' number 
or quantity denotes, in my mind, the synthesis in apprehension 
of these two relations ; but the relations do not modify one 
another in the synthesis: the apprehension of opposition in 
quantitative comparison no more constitutes an extension or 
modification of the abstract idea of quantity than the quantitative 
aspect of opposition modifies or extends the latter abstraction. 
When we combine the abstract idea of direction with that of 
quantity under the term vector or directed quantity, is it urged 
that we thus conceive a new kind of quantity, a new kind of 
direction ? The expression ' algebraic quantity ', useful as an 
abbreviation for ' positive and negative quantity ' and in the 
latter expression we are already metaphorical in our desire to 
be brief deceives us if we forget, just on those occasions when 
we ought to remember, that we speak in figure. It is evident, 
from the manner in which algebraists express themselves in 
explaining the principles of their symbolism, that they sometimes 
confuse, where it is important to distinguish, between symbol 
and concept. In no other way, at least, does it seem possible to 
account for the succession of pseudo-concepts which we have found 
in the received exposition of the principles of the symbolism. 

To the algebraists of an earlier day, contemplating symbolic 
forms which seemed to suggest, without actually denoting, some 
new conception of quantity, it may very well have appeared 
that the process of symbolization had, in some unexplained, 
mysterious way, outrun the process of definitely conscious con- 
ception. At the same time, the connexion between geometry 
and the calculus, especially the influence of geometrical concep- 
tions on the development of the calculus, obvious in the use of 
such terms as ' square ' and ' cube ' to denote certain numerical 
relations, could not but influence the speculations of mathe- 
maticians. In the early years of the nineteenth century the 
idea was * in the air ', circumambient, of connecting these 
enigmatic algebraic forms, the symbols of so-called imaginary 
and complex number or quantity, with geometrical conceptions ; 
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of finding in geometrical relations an interpretation of this 
development of algebraic symbolism. The success of this 
endeavour appeared to many, and not least to the innovators 
themselves, as the solution of the problem, the purely mystical 
problem, which had so long perplexed mathematicians, and 
naturally enough led to the paradoxical conclusion that Algebra 
was and always had been dependent upon Geometry for its 
development. In so far as Argand and other mathematicians 
devised a systematic method of employing those algebraic 
expressions which involve the so-called symbols of imaginary 
quantity, to denote certain geometrical relations, Algebra may 
be said to have ceased to be simply, as Newton called it, Arith- 
metica Universalis, because the relations thus symbolized are 
not relevant though given names of relations which are relevant 
to number or quantity in the abstract. But, apart from this 
special application of algebraic symbolism, Algebra remains 
Arithmetica Universalis, because these so-called symbols of 
imaginary quantity are then merely artificial factors in the 
expression of relations relevant to number or quantity in the 
abstract. This distinction (which illuminates anew the difference 
between Mr. Whitehead's standpoint and my own) will, I suppose, 
be perfectly intelligible to every one who has with any care 
analysed what is known as ' the diagrammatic method of repre- 
senting complex numbers ' ; but as the general reader is probably 
unacquainted with the subject, or may have forgotten what he 
once knew of it, I will say something here about the ideas in 
which the method originated. 

Argand's Essai sur une Maniere de repre'sentev les Quantites 
imaginaires dans les Constructions geometnques was published 
in 1806, and seems at the time to have passed almost unnoticed. 
It was brought more or less prominently to the notice of mathe- 
maticians in a roundabout way. Argand had submitted his 
essay to Legendre, Legendre had given a brief account of it in 
a letter to the brother of J. F. FranQais, professor in the imperial 
school of artillery and engineers. Frangais found this letter 
among his deceased brother's papers, and, basing himself upon 
its contents, wrote a paper entitled ' Geomtrie de Position ', 
which he published in Gergonne's Annales des Mathematiques, 1 at 
1 Tome iv, pp, 61-71. 



same time explaining that the fundamental ideas were not 

s own, and expressing the wish that the original author of 

1 ini Would make known his work. This drew from Argand an 

u iuit, published in the same volume of the Annales?- of his 



introduces the subject with some remarks on real and 
quantity. According to him, and briefly put, the 
u traction of a quantity from a less quantity being impossible, 
; ac - operation is imaginary or the result is an imaginary quantity ; 

I ut the idea of such a quantity as real may be deduced thus : 
\ is the resultant weight acting on the scale A of a balance 

^itli weights in both scales, then since it is possible to diminish 

II ( 'ither by taking weights from the scale A, or by adding weights 

III the scale B, the series . . . -f 30, +za, +a can be prolonged 
Uyond zero, and a, 20, ^a. . . will be quantities as real 
-v -fa, 4- 2#, -f 30 . . . 

Prom this we see that the idea, dominant to this day, that 

c ! u; *ntity is originally ' positive ', and that quantity as ' negative ' 

ls a subsequent generalization or deduction, is at least a hundred 

\vars old. Argand does not tell us why, if the measure of the 

n*sultant weight is to be symbolized by a, it is subsequently 

viiiholized by +a. Of course we see why : because the weight 

in the one scale is considered, and can only intelligibly be con- 

ilwl, as positive (or negative), in contradistinction with the 

v is^lit in the opposite scale. But then the deduction is super- 

':'.i'u;'., merely leads back to the conception from which it starts ; 

t!il \\v are surely in no need of argument to convince us that 

elitiVmice of weight is as real when the excess is in one scale 

\vhrn it is in the other. _ 

Tin* fundamental notion of the Essai is to use the symbol V i 

i *x press the relation of perpendicularity. That is, I and 

i ;ire to denote the same unit of length measured respectively 

u Uvu straight lines perpendicular to one another, opposition 

thr sense of measurement being symbolized as usual by the 

HMO f and placed before the symbol of quantity. This is 

I M tin* case with the * Memoire sur les Quantites imaginaires ' 

i tin- Abbe Bue, communicated to the Royal Society in 1805, 

ful printed in the 1806 volume of the Philosophical Transactions. 

\i \iiul, Fran^ais, and Buee all supposed that the attribution 

1 pp. 133-47- 
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of this meaning to the symbol v^i required, and was susceptible 
of, rigorous demonstration. But this was a misapprehension of 
the nature of the mental process which led them to propose this 
convention, and the effect of it was to retard the recognition of 
the new doctrine, for not unnaturally those mathematicians 
who expected to find what, in the nature of the case, could not 
be given, were blind to its intrinsic merits. 1 

Argand himself seems to have been among the first to realize 
that ' probably ' no purely logical demonstration can be given of 
this interpretation ; he even went so far as to show 2 that from 
one point of view (which is, indeed, the right point of view) 
the quest of such a demonstration is an irrelevance. The explana- 
tion of these attempts deductively to establish the fundamental 
idea of the new theory lies, it seems to me, in this : that its 
inventors looked upon it, or were strongly inclined to look upon 
it, as a solution of the enigma of imaginary quantity in Algebra, 
and not simply as an ingenious adaptation of the symbol */~\ 
(by itself meaningless in algebra), and of the algebraic forms in 
which it is involved, to the expression of certain geometrical 
relations. And, clearly, this is a point of view from which the 
mystical conclusion would readily follow that Algebra is not, 
$nd never could have been, merely Arithmetica Universalis, 
but in its very essence is, and always must have been, a symbolic 
system deriving from geometrical conceptions. 

Having shown how an imaginary quantity in arithmetic is 
physically interpretable ( c Cette distinction des grandeurs en 
reelles et imaginaires est plutdt physique qu'analytique '), 
Argand proceeds by analogy to do the same for imaginary 
quantity in algebra : 

1 When in geometry (sous le point de vue appe!6 rapport 
gomtrique) we compare two quantities of a kind susceptible 
of yielding negative values, the idea of this comparison is evidently 
complex. It consists (i) of the idea of numerical relation, or 
relation of absolute magnitude ; (2) of the idea of the relation 
of directions or senses to which the quantities belong : a relation 
which, in this case, can only be that of identity or of opposition. 
Thus, when we say that + : 6 : : -ma : +mb, we mean not 
only that a:b::ma: mb f but we also affirm that the direction of 

1 See the criticism of it by Servois in the Annales, vol. iv, pp. 228 et seq. 
Gergonne, who comments on this criticism, is more clear-sighted. 

2 Annales , tome v, pp. 197 et seq. 



the quantity +a is, relatively to the direction of the quantity -b, 
what the direction of ma is relatively to the direction of +mb ; 
and we may even express this last conception in an absolute 
manner by writing, 

4 Be it now proposed to determine the mean proportional 
between + 1 and i, that is, to determine the value of x which 
satisfies the proportion +i : x : : x : i. Since x cannot be 
equated to any number either positive or negative, it seems we 
must conclude that the quantity sought is imaginary. 

' But since we have already found that negative quantities, 
which appeared at first only to exist in imagination, acquire a real 
existence when we combine the idea of absolute magnitude with 
that of direction, analogy prompts us to inquire whether we 
cannot reach a similar result with respect to the quantity x. 

' Now if there is a direction d such that the positive direction 
is to d as d is to the negative direction, then, denoting by id the 
unit of length taken in the direction d, the proportion 

(B) +i : id : : id: -i 

will present (i) a purely numerical proportion i : i : : i : i, 
(2) a proportion or similitude of relations of direction analogous 
to that of the proportion (A).' 

The rest of the argument, so far as the fundamental notion 

is concerned, may briefly be 
summarized thus : If from 
the point we take a unit of 
length in the directions OA, 
OB, and OC perpendicular to 
AB, the conditions for realiz- 
ing the proportion (B) are 
fulfilled. OC is a mean pro- 
portional between -fi and 
i ; and since V^x is the 
algebraic mean proportional 
between -M and i, we can 




write OC = 

This argument expresses a 

process of thought in which there is more than mere deduc- 
tion from admitted premisses. Its essential trait is origination 
or invention a creation of new premisses, but put into a form 
which tends to obscure its real nature. That a similitude 
or identity of relations of direction, such as that to which 
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Argand draws attention, is a ' proportion ', and that a direc- 
tion perpendicular to two opposed directions is a ' mean pro- 
portional ' between them, is a proposition which is neither true 
nor false, and thus cannot be made the subject of proof or 
disproof. But, given the purpose and the object of Argand's 
Essai, it is legitimate to propose, as a new premise or convention 
in symbolism, that identity of relations of direction shall be 
given the same name, and shall be algebraically symbolized in 
the same way, as identity of relations of magnitude. Any one 
who, reading Argand's argument, looks upon this proposition as 
one which ought to be demonstrated, will naturally find in the 
conclusion that V i denotes the relation of perpendicularity 
nothing but the reassertion of an unproved proposition. But 
from the moment this pro- 
position is understood and 
admitted as a new conven- 
tion in symbolism, it is at 
once seen that the employ- 
ment of </^Fto denote this 
geometrical relation follows 
logically from this new pre- 
mise in symbolism. For the 
equation V i x V^I = i 
can, in accord with alge- 
braic convention, be trans- 
formed into +i : V^ : : 

V^i: i, and since the latter expression does not symbolize 
a quantitative proportion ( v / " = i not being a symbol of quantity), 
V i can without contradiction or ambiguity be substituted 
for id in equation (B). Again, V i or i not symbolizing 
a quantity, the combination a + bi does not symbolize the con- 
ception of summation, and is, thus isolated, meaningless, being 
nothing but a factor in an organized expression of algebraic 
quantity ; it can thus be employed without ambiguity or con- 
tradiction to symbolize the geometrical combination of OA = a 
and AB W, or the resultant, OB, of this combination: in 
the ordinary language of Algebra, OB represents the complex 
number a + bi. 

I said a little while ago that in so far as these geometrical 
conceptions are assigned as meanings of the so-called symbols 
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of imaginary and complex quantity or number, Algebra may be 
said to be no longer simply Arithmetica Universalis. The same 
may be said with reference to the totally different interpretation 
of these forms in analytical geometry. But I should express my 
meaning more exactly in saying that in these cases Algebra 
becomes something more than, without ceasing to be, Arith- 
metica Universalis. For algebraic symbolism is not an expres- 
sion of the development of geometrical conception ; it is and 
it remains notwithstanding these particular attributions of 
geometrical meaning essentially and directly a language 
specially devised for the purpose of reasoning about number or 
quantity in the abstract; i.e. it is and remains what Newton 
called it, Arithmetica Universalis. And in order to make my 
meaning still more plain, if it is not already plain enough, I will 
add that in saying that Algebra is essentially Arithmetica Uni- 
versalis, I intend to traverse the assertion that Algebra is inde- 
pendent of Arithmetic, unless nothing more is meant by this 
than to reiterate in other words the perfectly obvious and indis- 
putable fact that the algebraic forms in question are arithmetically 
uninterpretable. But it is clear there is more than this in the 
assertion ; the independence is looked upon as an inference or 
conclusion arising from other considerations, one of which is this 
particular case of uninterpretability in arithmetic : c If there were 
such a dependence, it is obvious that as soon as algebraic expres- 
sions are arithmetically unintelligible all laws respecting them 
must lose their validity.' 

But the algebraic expression V ixV I is arithmetically 
intelligible in the sense demanded by this passage. The point 
is whether it is legitimate to isolate V^I and regard it as an 
algebraic ' expression J or entertain such a question as, What 
does it mean ? No doubt it will appear to be so if we submis- 
sively follow the orthodox exposition of the development of 
elementary algebra, and are either blind, or content to shut 
our eyes, to the sophisms and incongruities which abound in it. 
The argument of this and the preceding chapter is a sustained 
protest against the mystical bias which prompts these sophisms 
and incongruities and renders them not intolerable even to 
critical minds, against the cumulative and finally disastrous 
effect of an unsuspected reaction of the symbolic forms of algebra 
upon the conceptual process which gives them birth. Set free 
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the judgement from this mystical bias, disengage the process of 
conception from the false implications of the process of symbolism, 
and not only do these sophisms and incongruities disappear, but 
with their disappearance also vanishes the suggestion which 
they facilitate, viz. that such combinations as A/^OC, a + bi are, 
in and by themselves, algebraic ' expressions ', that is, symbolic 
of mathematical notions or abstractions. They are then at once 
recognized as mere factors or constituent parts of actual expres- 
sions, algebraically symbolic, interpretable in terms of generalized 
number and abstract quantity. 



CHAPTER IX 
THE DOCTRINE OF IMAGINARY LOCI IN GEOMETRY 

Explanation of Imaginary Points ( I ) by means of the Principle of Con- 
tingent Relations (Chasles), (2) by means of the Theory of Involution (von 
Staudt). The Doctrine of Geometrical Imaginaries, rationally considered, 
is an artifice in expression which involves paradox for the sake of brevity 
in the statement of certain geometrical relations. The conceptions of the 
point and line at infinity as leading to this paradoxical mode of expres- 
sion. Algebraic Imaginaries and Analytical Geometry. 

THE common sense of this doctrine using the term ' common 
sense ' in place of the more pretentious word ' philosophy ' 
as Clifford did in the The Common Sense of the Exact Sciences 
lies, so it appears to me, in a rational interpretation of, e.g. 
the simple statement which Cayley makes on the subject in his 
presidential address : ' But the geometrical construction being 
in each case the same, we say that in the second case also the 
line passes through the two intersections of the circle/ This, 
as will be recollected, refers to the configuration composed 
of two circles and a straight line, and the two cases, (i) where 
the line is the common chord of the two circles, (2) where the 
line is not a chord at all. 

This explanation of Cayley's, apparently not intended by him 
as anything more than a bare statement of the practice of 
geometers, really contains, in epitome and by reference to 
a particular case, all that Chasles has to say on the subject 
in the fifth chapter and note xxvi of the Aperpu historique 
sur VOrigine des Methodes en Geometne ; that is, his statement 
and discussion of the Mcthode ou principe des relations contin- 
gentes, of the distinction between the accidental and permanent 
properties of a system of figures. In immediate connexion with 
the latter phrase, he discusses (p. 205) the case of the system 
of two circles and line in a plane which Cayley used in illustration 
of the doctrine. He says : 

' When the two circles intersect, this straight line is their 
common chord, and this fact suffices to define and to construct 
it : this is what we call one of its contingent or accidental 
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properties. But when the two circles do not intersect, this 
property disappears although the line still exists and is of great 
utility in the theory of circles. We must therefore define and 
construct this straight line by means of some other one of its 
properties common to all cases of the general construction of the 
figure, or of the system of the two circles. This will be one of 
its permanent properties. It is through such considerations 
that M. Gaultier, instead of calling this line the common chord 
of the two circles, is led to call it the radical axis ; an expression 
prompted by a permanent property of this line, viz. that the 
tangents drawn from any one of its points to the two circles are 
equal, so that every point of this line is the centre of a circle 
which cuts the other two orthogonally. ... 

' The doctrine of contingent relations seems to us to present 
a further advantage, that of affording a satisfactory explanation 
of the word " imaginary ", now used in pure geometry, where 
it expresses un etre de raison sans existence, but which we can 
nevertheless endow with certain properties of which we make 
use temporarily as auxiliaries, and about which we reason as we 
do about a real and palpable object. This idea of the imaginary, 
which seems at first sight obscure and paradoxical, thus acquires, 
in the theory of contingent relations, a clear, precise, and 
legitimate sense.' 

Chasles here refers us to note xxvi, in which he enters more 
fully into his view of the doctrine of contingent relations as 
explanatory of the use of imaginaries in pure geometry. We 
employ this word f imaginary ', he says, ' as a means of attaining 
brevity of expression ; it implies that the process of reasoning 
applies to another general state of the figure, in which the parts 
which are the subject of reasoning would really exist, instead of 
being, as in the figure actually contemplated, imaginary. And 
since according to the principle of contingent relations, or, if 
you prefer it, the principle of continuity, the truths demonstrated 
for one of the two general states of the figure apply to the other 
state, it is seen that the use of imaginaries is completely justified/ 
In other words, and with reference to the system of two circles, 
when we reason about the general case in which the two circles 
do not intersect, the reasoning applies also to the general case 
in which the two circles do intersect, because it is directed to 
some relation between the two circles and the line, which is 
independent of the accidental circumstance of intersection, or 
of non-intersection. Thus when we say that the radical axis 
of two circles is a line which passes through the points, real or 
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130 Ihe Doctrine of 

imaginary, of intersection of the two circles, this is a brief and, 
let us add, a paradoxical way of saying that the radical axis of 
the two circles is a line which has a relation to the two circles 
which is independent of the contingency of intersection or 
non-intersection . 

This is a common-sense or rational explanation of the use 
of a paradoxical mode of expression which, inter alia, absolves 
us from attending to such ambiguous if not mystical definitions 
as that an imaginary geometrical element is un etre de raison sans 
existence. 1 The term ' imaginary ', used in connexion with the 
names of geometrical entities, is thus, according to Chasles, 
a means of giving expression to the geometrical facts involved 
in what Poncelet calls ' the principle of continuity ' (Traite 
des Proprieties firojectives des Figures) or, as Chasles himself 
calls it, ' the principle of contingent relations '. This principle is 
purely geometrical : in Cayley's words, we arrive geometrically 
at the notion of imaginary loci. Later, von Staudt also shows 
how, through purely geometrical considerations, we are led to 
introduce imaginary elements into geometrical reasoning ; but 
the principle which underlies his explanation is, in essence, the 
same as Chasles's : that of distinguishing between accidental 
or contingent and permanent relations, the term ' imaginary ' 
and also the term ' real ' being relevant to the contingent 
relations. 2 

But in von Staudt's exposition, side by side with the rational 
explanation of the use of paradoxical expressions, are there 
not also mystical propositions, i.e. propositions left without 
interpretation in the language of common sense, thus again 
prompting such questions as : What is an imaginary point ? 
what are imaginary geometrical elements ? what is imaginary 
space, or the locus in quo of imaginary points, lines, and figures ? 
questions which, if we wittingly employ paradoxical modes of 
expressing definite geometrical relations, could not be asked at 

1 Un etre de raison is an expression common enough with French philo- 
sophical writers. In one sense of the word ' existence', un Stye de raison 
has no existence ; in another sense of this word, the existence of un etre 
de vaison consists in our conceiving it. Un etre de raison sans existence is 
thus a highly ambiguous piece of phraseology. 

* We require the term ' real ' in this connexion only because we use the 
term ' imaginary '. If we express ourselves literally, we want neither the 
one nor the other. 
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all, because they would be recognized as quite meaningless. 
If such questions are still asked either sub silentio, or overtly, 
as when Cayley asks, What is an imaginary point ? is this not 
plain evidence of continued subjection to a mystical tendency? 
The point here is not that the tendency to the mystical definitely 
issues in an unquestioned belief that these paradoxical expres- 
sions are expressions of hitherto unconceived geometrical 
entities (which would be the case if these expressions were 
interpretable literally) ; such a belief is, in pure geometry, 
continually held in check or thwarted by the mere fact that the 
process of reasoning in this science necessarily involves the 
continual presence of representative or typical imagery. The 
tendency to the mystical has not here the free play which it has 
in algebra, and the effect of this difference is very clearly marked 
in Cayley's presidential address : he does not ask, with reference 
to imaginary quantity in algebra, what he asks with respect to 
imaginary elements in geometry, although he invites philosophical 
discussion of the doctrine as a whole. It seems to have been 
for him beyond question that the phraseology and symbolism 
of imaginary quantity express a real development of the con- 
ception of abstract quantity, that in algebra we attain, and 
express by this phraseology and symbolism, the notion of a new 
kind of abstract quantity, just as, at an earlier period of develop- 
ment, we arrived at the notion of ' essentially negative ' abstract 
quantity. 

I return to the question suggested above with regard to von 
Staudt's exposition. There is an abridgement of this given by 
Professor Henrici in the article ' Projection ', Ency. Brit. vol. xix, 
p. 799. I will reproduce so much of it here as, with a running 
commentary, will suffice to show clearly how the question is 
prompted : 

' If a line cuts a curve and if the line be moved, turned for 
instance about a point in it, it may happen that two of the 
points of intersection approach each other until they coincide. 
The line then becomes a tangent. If the line is still further 
moved in the same manner it separates from the curve and two 
points of intersection are lost. Thus in considering the relation 
of a line to a conic we have to distinguish three cases the line 
cuts the conic in two points, touches it, or has no point in common 
with it. This is quite analogous to the fact that a quadratic 
equation with one unknown quantity has either two, one, or 

K 2 



i32 The Doctrine of 

no roots. But in algebra it has long been found convenient to 
express this differently by saying a quadratic equation has 
always two roots, but these may be either both real and different, 
or equal, or they may be imaginary. In geometry a similar 
mode of expressing the fact above stated is not less convenient. 

' We say, therefore, a line has always two points in common 
with a conic, but these are either distinct, or coincident, or 
invisible.' 

The writer, following Clifford, uses ' invisible ' throughout for 
* imaginary '. So far the paradoxical expressions are defined 
in ordinary language. 

' Invisible points occur in pairs of conjugate points, for a line 
loses always two visible points of intersection with a curve 
simultaneously. This is analogous to the fact that an algebraical 
equation with real coefficients has imaginary roots in pairs. 
Only one veal line can be drawn through an invisible point, 
for two real lines meet in a real or visible point. The real line 
through an invisible point contains also its conjugate. 

' Similarly there are invisible lines tangents, for instance, 
from a point within a conic which occur in pairs of conjugates, 
two conjugates having a real point in common/ 

Here we have a number of paradoxical propositions so far 
not given a rational interpretation. It is, possibly, the recogni- 
tion of this fact which prompts the following observations : 

' The introduction of invisible points would be nothing but 
a play upon words unless there is a real geometrical property 
indicated which can be used in geometrical construction that it 
has a definite meaning, for instance, to say that two conies cut 
a line in the same two invisible points, or that we can draw one 
conic through three real points and the two invisible ones which 
another conic has in common with a line that does not actually 
cut it. We have in fact to give a geometrical definition of invisible 
points. This is done by aid of the theory of involution/ 

Clearly no real geometrical properties have so far been assigned 
or indicated by the paradoxical expressions of the two previous 
paragraphs. 

' An involution of points on a line has either two or one or 
no foci. Instead of this we now say it has always two foci which 
may be distinct, coincident, or invisible. These foci are deter- 
mined by the involution, but they also determine the involution. 
If the foci are real this follows from the fact that conjugate 
points are harmonic conjugates with regard to the foci. That 
it is also the case for invisible foci will presently appear. If we 
take this for granted we may replace a pair of real, coin- 
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cident, or invisible points by the involution of which they are 
the foci/ 

That is to say : take it for granted, first, that a definite meaning 
will be assigned to the statement that invisible foci are deter- 
mined by an involution which has no real ones, and vice versa, 
and next that a definite meaning will be assigned to the state- 
ment that conjugate points are harmonic conjugates with 
regard to invisible foci ; then you may take it for granted that 
a definite meaning will be assigned to the statement that a pair 
of invisible points may be replaced by the involution of which 
they are the foci. Rather a perplexing mode of leading up to 
what is subsequently found to be a very simple matter. 

' Now any two pairs of conjugate points determine an involu- 
tion. Hence any point-pair, whether real or invisible, is com- 
pletely determined by any two pairs of conjugate points of the 
involution which has the given point-pair as foci and may therefore 
be replaced by them' 

Read : Hence you may take it for granted that a definite 
meaning will be assigned to the statement that every invisible 
point-pair is completely determined by, &c. 

' Two pairs of invisible points are thus said to be identical if, 
and only if, they are the foci of the same involution/ 

Finally we come to what is perfectly intelligible independently 
of whether we have or have not assigned definite meanings to the 
foregoing paradoxical expressions. 

' We know that a conic determines on every line an involution 
in which conjugate points are conjugate poles with regard to the 
conic that is, that either lies on the polar of the other. This 
holds whether the line cuts the conic or not. Furthermore, in the 
former case the points common to the line and the conic are the 
foci of the involution. Hence we now say that this is always 
the case, and that the invisible points common to a line and the 
conic are the invisible foci of the involution in question. If 
then we state the problem of drawing a conic which passes 
through two points given as the intersection of a conic and a line 
as that of drawing a conic which determines a given involution 
on the line, we have it in a form in which it is independent 
of the accidental circumstance of the intersections being real or 
invisible. So also is the solution of the problem. . . .' 

This explanation is quite clear. We may also, I presume, 
put it a little differently, thus : 



1. A conic determines on any line, whether the conic cuts 
the line or not, an involution in which, &c. 

2. If the line cuts the conic, the points of intersection are the 
foci of the involution ; if the line does not cut or touch the 
conic, the involution has no foci. 

3. In the latter case, we say that the line cuts the conic in 
invisible points, or in the invisible foci of the involution. 

4. In accordance with this paradoxical mode of expression, the 
problem : To draw a conic which determines on a line a given 
involution, may be expressed otherwise as: To draw a conic 
which passes through two points given as the intersection, real 
or invisible, of a conic and a line. Similarly the theorem : 
Through three given points we can always draw one conic, and 
one only, which determines on a given line a given involution, 
may also be expressed thus: It is always possible to draw 
a conic which passes through three real given points and through 
two invisible points which any other conic has in common with 
a line. 

The non-mathematical reader may ask, What is the use of 
giving paradoxical instead of literal expression to geometrical 
relations ? This question is not very easy to answer in a few 
words, nor without reference to the expressions : the point, 
the line, the plane ' at infinity ' themselves paradoxical, or 
semi-paradoxical, expressions of geometrical conceptions. But 
I think it may be said briefly that the gain by paradox in expres : 
sicST'Is that in many cases it enables the geometer to state, or 
to reason about, geometrical relations in language which is far 
more concise than that of literal expression. Rationally under- 
stood, paradox in geometrical expression is a labour-saving device. 
"'But is it always rationally understood or considered ? As 
we have just seen, the paradoxical expressions of the above 
problem and theorem are explicable without reference to the 
previous paradoxical expressions which are supposed to lead 
up to them and explain them. In so far as these previous 
paradoxical statements are translatable into language which, 
taken literally, express real geometrical properties, they are so 
only in virtue of the equivalence of literal and paradoxical 
expression subsequently given in relation to the problem or 
theorem. Given this equivalence, we can see how these ante- 
cedent expressions originate. Thus ' invisible points occur in 
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pairs of conjugate points \ The explanatory addendum, ' for 
a line loses always two visible points of intersection with a curve 
simultaneously ' is clearly no explanation whatever until we 
know that the geometrical relation between a line and a conic, 
called the involution determined by the conic on the line, is to 
be paradoxically expressed, and how ; and when we know this 
the addendum becomes superfluous. But do all these prior 
statements express real geometrical properties ? For instance, 
this, which, in the text, is italicized : ' Only one real line can be 
drawn through an invisible point, for two real lines meet in 
a real or visible point/ We are reminded here of the sub- 
sequent phrase : ' we have in fact to give a geometrical definition 
of invisible points/ But the definition given in the statement of 
the problem, To draw a conic, &c., is not a definition of invisible 
points, it is the definition of a phrase in which the term ' invisible 
point ' occurs. Apart from the context in which it there stands, 
taken in isolation, this term has no definite meaning. The case 
is analogous with that of ' imaginary quantity ', or V^a, 
which, isolated from the purely algebraic expressions in which 
it occurs, has no definite meaning. We might almost say that the 
term ' invisible point ', in geometry, like the symbol \/^a in 
algebra, is merely a ' factor * in paradoxical expressions of real 
meaning. 

Now does this statement, only one real line can be drawn 
through an invisible point, express a real geometrical relation 
or property, distinct from that subsequently defined both 
literally and paradoxically in the problem of drawing a conic, &c. ; 
or is it prompted by the mystical belief that the words ' an 
invisible point ' simply, in isolation, must have a definite meaning? 
In the former case, what is this geometrical property or relation, 
literally expressed ? I do not know, and the writer does not 
tell us. In the latter case, from the premisses that an invisible 
point is some kind of point but not a real point, logic would 
force the conclusion that only one real line can be drawn through 
an invisible point, and, mystically again, this conclusion would 
be admitted as expressing a real geometrical property or relation. 
Now let it be supposed that the expression ' an imaginary point ' 
must have a definite meaning, and nothing is more certain than 
that the question, What is an imaginary point, will present itself, 
and present itself as a rational question. 



The doctrine of geometrical imaginaries, then, freed from all 
mystical implication, is, to speak plainly, not a geometrical 
doctrine at all, not a new conception of geometrical properties 
or relations, but a new and paradoxical mode of expressing 
geometrical properties or relations, a labour-saving device which, 
in skilled hands, is very effective. But it is not surprising that 
so free a use of paradox in language should at the same time give 
rise to mystical illusions, and not least in the minds of those who 
use it with consummate skill in geometrical investigation. And, 
if I am not mistaken, lapse into mystical illusion is here (as in 
algebra) rendered the easier, the more inevitable, from the 
nature of the anterior development of the science, of the mode 
of geometrical reasoning which Monge was the first to reduce to 
a method. In the first principles of this method are involved 
propositions which, in their expression, verge upon the para- 
doxical, but which may be accepted literally by the learner 
without too great a shock to his sense of the rational, and thus 
insensibly incline him to subsequent mystical interpretations. 
I refer to what are called the notions of the point, line, and plane 
at infinity. 

How are these notions introduced and explained ? Let us 
take the account given of them in the article on projective 
geometry, vol. x of the Encyclopaedia Britannica. We find there, 
at the outset, that a number of Euclid's preliminary propositions, 
taken from the Definitions, Postulates, and Axioms of the first 
book of the Elements, are grouped together and expressed 
anew in the following way : 



I. A plane is determined 

1. By three points which 

do not lie in a line ; 

2. By two intersecting lines ; 

3. By a line and a point 

which does not lie in it. 

II. A line is determined 
i. By two points. 



A point is determined 

1. By three planes which do 

not pass through a line ; 

2. By two intersecting lines ; 

3 . By a line and a plane which 

does not pass through it, 

2. By two planes. 



Attention is then called to the fact that some of these pro- 
positions are not strictly true without the addition of some such 
qualifying words as ' if they are not parallel '. In order ' to 
correct this we have to reconsider the theory of parallels 1 . 
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The writer then proceeds to this reconsideration ; but before we 
follow him, let us note that in the introductory remarks it is 
explained that the characteristic, or one of the characteristics, 
of the modern method as compared with the old is a striving 
towards greater generality. Thus, on the modern view ' a straight 
line is considered as given in its entirety, extending both ways 
to infinity, while Euclid is very careful never to admit anything 
but finite quantities. The treatment of the infinite is in fact 
another fundamental difference between the two methods. 
Euclid avoids it. In modern geometry it is systematically 
introduced, for only thus is generality obtained/ I quote this 
because it bears upon the subsequent reconsideration of the 
theory of parallels, also because I should like to draw attention 
to what appears to me the ambiguity of the statement that 
according to the modern method a straight line is considered 
as given in its entirety, extending both ways to infinity. If 
by an infinite straight line we understand a length which increases 
without limit, it is not 
clear how we can consider 
it as given in its entirety ; 
this expression seems more 
appropriate to a line given 
as finite. A whole is finite, 
an infinite whole is an ex- 
pression which lends itself 
too easily to the criticism 
that it is prompted by a 
confusion of thought. 

Now for the reconsidera- 
tion of the theory of 
parallels : 

* Let us take in a plane 
a line p, a point 5 not in this line and a line q drawn through 
S. Then this line q will meet the line p in a point A. If we 
turn the line q about S towards q', its point of intersection 
through p will move along p towards B, passing, on continued 
turning, to a greater and greater distance, until it is moved 
out of our reach. If we turn q still farther, its continuation 
will meet p, but now on the other side of A. The point of 
intersection has disappeared to the right and reappeared to 




the left. There is one intermediate position where q is parallel 
to p that is, where it does not cut p. In every other position 
it cuts p in some finite point. If, on the other hand, we 
move the point A to an infinite distance in p, then the line 
q which passes through A will be a line which does not cut 
p at any finite point. Thus we are led to say : Every line 
through 5 which joins it to any point at an infinite distance 
in p is parallel to p. But by Euclid's I2th axiom there 
is but one line parallel to p through S. The difficulty in 
which we are thus involved is due to the fact that we try to 
reason about infinity as if we, with our finite capabilities, could 
comprehend the infinite. To overcome this difficulty, we may 
say that all points at infinity in a line appear to us as one, and 
may be replaced by a single " ideal " point/ This point is 
called ' the point at infinity * in the line. 

The reference to our finite capabilities is a salutary reminder, 
though we are perhaps never less in need of it than when our 
attention is claimed by questions which touch upon the founda- 
tions of knowledge and reasoning. With our finite capabilities, 
however, we either have or have not found a pair of contra- 
distinct concepts to which we give these names ' finite ' and 
* infinite ' ; and, plainly, if we do attribute definite meanings 
to these terms, these meanings are at once mutually exclusive 
and correlative. If we do not, then the reasoning in which they 
are involved becomes a mere play upon words. The fact is 
that the finitude of our capabilities is here an irrelevant con- 
sideration. Every one admits that we here form a general 
conception of lines as finite, but not every one pauses to reflect 
upon the process of doing it. So soon as he does, he cannot but 
become aware that he only thinks of lines as finite (or as infinite) 
by contradistinction with the thinking of them as infinite (or as 
finite) ; literally, it may be said, as finishing here or there, and 
as unfinishing, finishing nowhere, extending without limit. But 
then he will also recognize that such expressions as ' extending 
both ways to infinity ', ' at an infinite distance ', are metaphors 
(not to call them paradoxes) convenient only if we do not let 
them delude us. Now are we not deluded if we accept the above 
deduction of the * point at infinity ' in the line, instead of seeing 
in this phrase nothing but a convenient way of escaping from the 
exception in the theory of projection and correspondence which 
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necessarily arises from the admission of Euclid's theory of 
parallels ? 

Look back to the argument. The writer makes it appear that 
by first considering the rotation of a line q and the concurrent 
indefinite recession and reappearance of the point of intersection 
with p, and then next considering the indefinite recession of the 
point of intersection and the concurrent rotation of the line, 
there arises in connexion with Euclid's I2th axiom a sort of 
contradiction or incongruity which is to be attributed to our 
inability to comprehend the infinite, to our finite capacities. 
But if we examine the argument carefully I think we shall see 
that there is no need to invoke the finitude of our capacities in order 
to explain the contradiction or incongruity which manifests 
itself in the reasoning, and that the difficulty in which we find 
ourselves simply arises from an uncritical use of the instrument 
of reason, viz. language. We begin by substituting, for a 
cumbrous but literal description of what we conceive under the 
term ' infinity ' in connexion with a line, a concise but meta- 
phorical or figurative expression, and the difficulty arises from 
a subsequent irrational endeavour to interpret the latter expres- 
sion as if it literally described what we conceive. 

There is one position of q in which it does not cut p. ' In 
every other position q cuts p in some finite point/ What is 
a ' finite ' point ? Here, at all events, it is mere surplusage. 
We require nothing more than the plain, unambiguous state- 
ment : In every other position q cuts p. 1 On the other hand, 
' if we move the point A to an infinite distance in p, then the 
line q which passes through A will be a line which does not cut p 
at any finite point.' Now this is not a literal, but a highly 
metaphorical expression of the process of thought which, literally, 
we may express somewhat as follows : If we suppose the point 
A to recede without limit in the direction AB, the line q which 
passes through A continues to approach indefinitely near to 
that position in which it does not cut p. Now if this does 
substantially and literally describe the process of thought and 
I say ' if ' because I cannot answer for any other mental process 
than my own then it is clear that to be ' led to say that every 

1 The addition of ' in some finite point ' is ingenious, because the alterna- 
native then gets itself expressed in so simple and innocent a manner by 
* in some infinite point ' or * at some infinite distance '. 



line through S which joins it to any point at an infinite distance 
in p is parallel to p \ and to find in this statement something 
contradictory of, or inconsistent with, Euclid's I2th axiom, is 
the result of comparing a literal with a metaphorical statement 
of the same process of thought, and, by taking the metaphor as 
literal, of concluding that there are two inconsistent processes 
of thought. What we are ' led to say ' is just as metaphorical 
as the proposition which leads us to say it, and so soon as this 
is recognized the difficulty is seen to be gratuitous there is 
no real contradiction to overcome. 

Does this conclusion condemn the use of such an expression 
as ' the point at infinity in a line ' ? Not in the least. It 
condemns a semi-mystical, semi-sophistical validation of its 
employment. Its real justification lies in this : that it affords 
us a means of ignoring, without contradicting, the exception 
involved in Euclid's I2th axiom, and thus enables us to state the 
theorems of projective geometry with complete generality and 
yet without thereby contradicting any of the results arrived at 
by Euclid. 




If from 5 we project the points of the line or base p upon the 
line or base p', and speak of A and A' t B and B', &c., as corre- 
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spending points, it is clear that there is one point in p the point 
D where SD, parallel to p', cuts p to which there is no corre- 
sponding point in p'. 

This exception stands in the way of expressing with com- 
plete generality some of the theorems of projective geometry ; 
for instance, the fundamental theorem that the anharmonic 
ration of any four points in a line is equal to the anharmonic 
ratio of their projections on any other line in the same plane. 
In the case just considered where D, one of the four points 
A, B, C, D in p, has no corresponding point in p', the theorem 
is, literally, inapplicable, and therefore cannot be said to be 
either true or false. But if we imagine a point D' in p' to recede 
indefinitely either in the direction A'B' or B'A', then the anhar- 

AC AD 
monic ratio of the four points in p, the ' cross-ratio ' pr^r 



A'C' A?T)' 
is the limit to which the anharmonic ratio -^757 : jyjz, approxi- 

mates indefinitely close as the point D' recedes indefinitely far. 
This is a literal statement of a geometrical property or relation. 
I apprehend that mathematicians, whether they clearly recognize 
the fact or not, express this same geometrical property in the 
metaphorical statement that the anharmonic ratio of the points 
A, B, C, D in p is equal to the anharmonic ratio of the points 
A', B', C', and the point at infinity in p'. This metaphor or, to 
be more precise, purely verbal paradox, would lead us to say, 
if we had not already said it, that parallel straight lines meet 
at infinity a proposition which is no more and no less non- 
literal than the one which, in the supposed case, would lead us 
to say it. 

We see in the most unmistakable way that we have here the 
first step in the paradoxical expression of real geometrical 
properties or relations after the received manner even to the 
consecrated phraseology. Replace the phrase ' the point at 
infinity in p' ' by ' the imaginary point of intersection of p' 
and SD ', and the proposition that the anharmonic ratio of the 
points A, B, C, D is equal to the anharmonic ratio of the points 
A' y B', C' and the imaginary point of intersection of p' and SD, 
is a paradoxical mode of expressing the real geometrical relation 

A AD A'C' 

CB : DB~~ C'B' '' T ' 



In the doctrine of geometrical imaginaries the mystical bias 
to which the judgement becomes subject through the reaction 
of symbolic forms, whether these consist of words or of other 
symbols, is very much less marked in its effect than in the theory 
of algebraic imaginaries : the reaction is in fact largely held in 
check because in pure geometry the process of reasoning is 
conducted mainly by means of representative images (i. e. images 
typical of the geometrical concepts reasoned about) ; the accom- 
panying symbolic imagery being in general non-essential, at times 
even obstructive, as Mr. Francis Galton assures us to be the 
case with him. Nevertheless, in so far as the symbol (of what- 
ever kind) is effectively used as instrument in geometrical 
reasoning, to that extent may the mystical tendency reappear 
and assert itself. If now in retrospect we take a general view 
of this discussion of mathematical imaginaries, both algebraic 
and geometrical, recall its broad features, and in the light of it 
compare the algebraic with the geometrical case, we shall, I think, 
be impressed with the very close analogy which it discloses 
between some of the forms of expression in algebra and the 
metaphorical or paradoxical forms of speech in geometry ; and 
with the similarity of the mode of reaction on the judgement 
of the reasoner, although the scope of it is much less in the 
one case than in the other. This analogy is in many points so 
marked that we might almost describe the algebraic forms in 
question as metaphorical or (in those which involve V i) 
paradoxical expressions of real quantitative relation. 

To be led geometrically to the notion of imaginary points is, 
then, to be led to invent this expression ' imaginary points ' 
as a means of indicating, briefly though paradoxically, that 
certain relations, in virtue of which lines or figures form a system, 
are independent of the contingency of intersection of the lines 
or figures. But Cayley also spoke of our being led analytically 
to the same notion. There are two general methods of dealing 
with geometrical theorems and problems : the method of pure 
geometry and the method of co-ordinate or analytical geometry. 
In arriving geometrically at the notion of imaginary points 
we are in the domain of pure geometry ; in arriving analytically 
at the same notion we are in the domain of analytical geometry. 
It is, then, tolerably plain that the literal meaning of being led 
analytically to this same notion of imaginary points, is the being 
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led to turn the language of analysis or algebra to the same para- 
doxical use in analytical geometry as we have turned ordinary 
language in pure geometry. 

We have seen how in algebra such combinations of symbols 
as A/^I, a + bi f &c., are wrenched from their contexts and 
considered as algebraical expressions, although when thus isolated 
they have no definite meaning, or are paradoxical expressions 
which do not indicate relation of, or operation with, abstract 
quantity or number. These combinations of symbols are said to 
receive an interpretation in geometry. Argand, as we saw in 
the last chapter, devised a method of using them as literally 
symbolic of certain geometrical relations. In the case we are now 
considering they are used as paradoxically symbolic of certain 
geometrical relations, viz. those relations which, in pure geometry, 
are paradoxically expressed in ordinary language. If this is 
not what we are analytically led to, then what we are analytically 
led to are mystical propositions. 

The peculiarity of Cayley's explanation, of his position, is that 
he seemed unable or unwilling to cut himself completely loose 
from mystical implications. This is clearly indicated by the 
question : What is the meaning of an imaginary point ? with 
which he brings to an end his explanation. Let us now recon- 
sider this explanation : 

' In the Cartesian geometry a curve is determined by means 
of the equation existing between the co-ordinates (x, y) of any 
point thereof. In the case of a right line this equation is linear ; 
in the case of a circle, or more generally of a conic, the equation 
is of the second order ; and generally, when the equation is of 
the order n, the curve which it represents is said to be of the 
order n. In the case of two given curves, there are thus two 
equations satisfied by the co-ordinates (x, y) of the several 
points of intersection, and these give rise to an equation of a 
certain order for the co-ordinate A; or y of a point of intersection. 
In the case of a straight line and a circle, this is a quadric equation ; 
it has two roots, real or imaginary. There are therefore two 
points of intersection, viz. a straight line and a circle intersect 
always in two points, real or imaginary. It is in this way that 
we are led analytically to the notion of imaginary points in 
geometry/ 

The simplest equation of a circle is obtained when we select, 
as axes of co-ordinates, two straight lines which intersect in 
the centre of the circle and are perpendicular to one another. 



If we say that a is the length of the radius, the equation of the 
circle is # 2 4-y 2 = <z 2 . Any straight line in the plane of the 
circle, and referred to the same axes, will be 'represented* 
by the equation y = mx +c, where c is the length of the intercept 
on the axis of y t and m is the ratio of this length to that of the 
intercept on the axis of % ; m is, in other words, the tangent of 
the angle which the straight line in question makes with the 
axis of x. 

If the straight line and circle intersect, in the literal or ordinary 
sense of this word, say in the points A and B, then we can find 
the co-ordinates of these points by treating the equations of the 
circle and the straight line as simultaneous equations ; that is, 
the points A and B being common to the two lines, we can 
substitute for the x (or y) of the one equation the equivalent 
of x (or y) furnished by the other equation. We thus get the 
quadric equation to which Cayley alludes. In this case, the 
circle being represented by # 2 +y 2 = a 2 , the abscissae of the 
two points of intersection are given by the equation x* + (mx + cf 
= a 2 . The roots of this equation (the abscissae in question) 
are, for every case of intersection (in the ordinary sense of the 
term), real roots ; moreover, intersection is the condition of 
simultaneity of the two equations. Cayley, however, says that 
these roots are either real or imaginary. To admit this carries 
with it that the term ' intersection ' is from the outset of the 
explanation employed both in a literal and in a paradoxical sense. 
But if we thus read the passage it amounts to this : that we 
are led analytically to the notion of imaginary points by starting 
with that notion. 

The notion seems to be rather that of denoting imaginary 
intersection by imaginary co-ordinates analytically expressed. 
If we pretend that the circle and straight line intersect always 
(which pretence we express by saying that they necessarily 
intersect either in real or in imaginary points), then it is a 
formally logical consequence of this pretence that the equations 
of the circle and straight line may always be treated as simul- 
taneous. The roots of the equation x 2 + (mx+c) 2 = a~ are 

- ... -- jf the circle and straight line inter- 
14- m*. 



sect in the literal sense the values of a, m, and c are so related 
that the quantity under the radical sign is positive and the roots 
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are real. If, on the contrary, the circle and straight line have 
no points or point in common, that is, if they intersect in 
imaginary points, the quantity under the radical sign is negative 
and the roots are imaginary : these are, therefore, in virtue of 
the pretended premise, the abscissae of the imaginary points 
of intersection. 

The process, thus far, may be said to exhibit the mathematician 
at play. To regard it as furnishing a geometrical interpretation 
of algebraic imaginaries in the usual sense of the word interpreta- 
tion, or in any sense that would ultimately prompt the question, 
What is the meaning of an imaginary point ? would be to take 
a jeu d'esprit seriously, or to be unconscious or oblivious of the 
fact that the process is a subtle game in which we play at interpre- 
tation, pretend to interpret. If we are conscious of this fact 
we shall not ask this question ; nor shall we suppose that we have 
found an interpretation in pretending to find one. The game 
has ' serious scientific value ' only if, when we say that the roots 
of this quadric equation symbolize either real or imaginary 
abscissae, we can in this paradoxical phraseology call attention 
to some geometrical property involved in the system of the 
circle and straight line which is independent of their having, in 
any point or points, co-ordinates in common, independent, that is, 
of the straight line being secant or non-secant of the circle. The 
process, then, expressed algebraically so as to involve forms of 
the type P + Qi as co-ordinates of imaginary points of inter- 
section, is a paradoxical mode of intimating that we consider 
the straight line and circle in some such relation or relations. 
If we look into modern textbooks of geometry we find that the 
straight line, whether it cuts the circle or not, is called a ' polar ', 
or, to be more precise, the polar of a point with respect to the 
circle. This point is called the 'pole* of the straight line. 
Given the circle and the straight line, the pole is found by means 
of the same construction, whether the straight line intersects with 
the circle or not ; it lies on the perpendicular from the centre of 
the circle to the straight line, either inside or outside the circum- 
ference, according as the straight line is non-secant or secant 
(if the line is a tangent the pole coincides with the point of con- 
tact), and the system has the permanent property that the square 
of the radius of the circle is equal to the product of the distances 
of the pole and polar from the centre of the circle. 

BERKELEY 
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A literal definition of polar and pole may run as follows : 
If in the straight line any two points be taken outside the circle, 
the two pairs of tangents drawn from them determine two chords 
which intersect either inside the circle or outside it in their 
prolongations. This point of intersection is called the pole of 
the straight line, and the straight line is called the polar of this 
point. But in paradoxical language the definition is much 
briefer. The chord determined by the tangents drawn from 
a point outside the circle is the polar, or lies in the polar, of the 
point. If we pretend that a circle and straight line intersect 
always, and express this by saying that the points of intersection 
are either real or imaginary, we can also pretend that tangents 
to the circle can be drawn from any point whether inside or 
outside it, and then define the polar of any point as the straight 
line which passes through the (real or imaginary) points of 
contact of the (real or imaginary) tangents drawn from the point. 
As a matter of fact we do find the polar of a point with respect 
to a circle defined in this paradoxical phraseology as well as 
in customary language. 

When mathematicians say that algebraic imaginaries receive 
an interpretation in geometry, they mean apparently just what 
Cayley meant when he said that we are analytically led to the 
notion of imaginary loci : they do not, it seems, refer to Argand's 
' representation of imaginary quantities in geometrical con- 
structions ' or to any developments of Argand's method. But, 
be this as it may, the contrast between the two methods of 
employing these algebraic forms in geometry calls attention to 
the very unusual and strained sense in which the term ' inter- 
pretation ' itself is used in connexion with these forms and 
imaginary loci. For in a quite ordinary and readily understood 
sense Argand does give geometrical interpretations of these 
algebraic forms. In his method such combinations as V^TL, 
a + bi, become definitely symbolic in the ordinary sense of the 
word. In analytical geometry, and in the same sense, they 
'do not ; that is, they are not, in the ordinary sense of the word, 
interpreted. An inquirer or learner, on being told that these 
forms, though uninterpretable as symbols of quantity, are 
interpretable in geometry, would on examination find this state- 
ment natural and intelligible with respect to Argand's invention, 
but forced or fanciful with regard to co-ordinate geometry 
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supposing always that he did not succumb to mystical 
suggestions. Yet were he asked what more suitable, or less 
inappropriate, term could be suggested, he would find himself 
in a dilemma ; for since the intention is to indicate some real 
geometrical property or properties by the employment of 
algebraic imaginaries, these properties have the formal right 
to be called interpretations of the algebraic imaginaries, however 
far-fetched (which does not mean useless) the term may seem. 
The connexion between symbol and meaning being recognized 
as essentially artificial, there is no ground for objecting to its 
being thus used. Paradox in the use of symbols becomes an 
artifice or convention in expression which, like all other con- 
ventions in the use of symbols, receives ultimate sanction only 
in virtue of its fulfilling some useful purpose. 

The use to which Argand put the imaginaries of algebra in 
symbolizing geometrical conceptions is literal and direct ; the 
use to which these algebraic forms are put in analytical geometry 
is paradoxical and indirect. In so far as the latter is wittingly, 
deliberately paradoxical (i. e. in so far as the mode of expression 
is intended and clearly recognized as non-literal and not even 
metaphorical), the conditions for a mystical judgement of the 
process are absent ; and the indirect reference to real geometrical 
properties turns the process into something more than a mere 
play upon symbols or make-believe interpretation. 



1,2 



PART III 
METAGEOMETRY 



CHAPTER X 
WHAT IS GEOMETRY ? 

Ambiguity of the expression ' Properties of Space '. Geometry as the 
science of Configuration. The alleged incertitude of the Axiom of Parallels 
in relation to the conceivability of different Kinds of Space. Are the 
fundamental notions of Geometry particular ideas or general ideas ? 
Particular ideas and general ideas necessarily involve one another, and 
neither class can be more fundamental than the other. Technical use of 
the terms ' Definition ' and ' Indefinables ' by mathematicians. 

IT is still customary, though perhaps less so than it was a few 
years ago, to define geometry as the science or the investigation 
of the properties of space. The definition is itself, however, of 
comparatively modern origin ; it was not inherited from the 
geometers of antiquity ; it has been remarked that the term 
space itself is not to be found either in Euclid or in Archimedes. 
If we look into textbooks or treatises of geometry we find that 
the talk is of points, lines, surfaces, solids ; straight lines, circles, 
conic sections ; planes, cylinders, cones, &c. : in general, of 
shapes or figures simple by comparison with those of the vast 
mass of common objects which surround us so that if it were 
deemed desirable to give some brief definition of geometry, one 
would suppose that such a definition, at once brief and intel- 
ligible, would be that geometry is the science or investigation 
of shape or configuration in some of its simpler aspects. This 
is a sufficient indication, to begin with, of the subject of thought ; 
for, in the end, definition of any subject of thought waits upon 
the development of the subject. 

The science or investigation of the properties of space must 
always have appeared, to some thinkers at least, somewhat of 
an absurdity even a contradiction, in so far as their conception 
of space, in contrast with that of body or matter, involved the 
negation of properties. How far this must in general be the 
case may be judged if we reflect that the ether of space was 
invented in order to escape the inconceivability of ' action at 
a distance ' (an inconceivability which is quite genuine save 
when the term ' action ' is emptied of its meaning, which is what 
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J. S. Mill did in his discussion of the question) ; and this incon- 
ceivability is at bottom none other than that involved in assign- 
ing properties to space. I do not know when this definition first 
came into vogue, but I should imagine we owe it principally 
to the peculiar development of geometrical speculation which 
began with Gauss, and which received from him the name ' non- 
Euclidean '. In the course of that development, geometry, as 
it was known to Euclid, became one of several possible geometrical 
1 systems ', each of which was associated with, was involved in 
or involved, a particular conception of space. Such phrases as 
' kinds of space ', ' species of space/ * varieties of space ' (whether 
expressive of real conceptual development or of mystical illusions) 
once admitted, would naturally lead to the use of the term 
' properties ' in relation to space, for already in the use of such 
terms as ' kinds ', ' species/ * varieties/ space has been assimilated, 
however distantly, with body. If it is urged that these terms 
are thus employed metaphorically, the answer is inevitable ; 
metaphor in the use of words expresses either the awareness of 
an analogy in thought, or the belief that we have, or ought to 
have, this awareness. In neither case can we escape the conse- 
quences, though we may sometimes succeed in shutting our 
eyes to them. They are very obvious in Helmholtz's essay ' On 
the Origin and Significance of Geometrical Axioms ', especially 
where, in order to illustrate the differences between the Euclidean 
and each of the two principal non-Euclidean spaces, he admits 
the supposition of a moderately rigid body transferred from 
one kind of space to another (though the kinds cannot, of course, 
co-exist), and considers the changes of shape to which it would 
thus be subjected an illustration which involves an obscure 
and yet persistent notion of space acting on body, which is 
a stultification of the notion of space itself. 

Different self-consistent systems of geometry, if each system 
is to be exclusive of the others, appear to be possible only on the 
condition that we have several different notions of space, 1 each 
one exclusive of the others, and the fons et origo of one of these 
systems of geometry ; for it is clear that not only the individual's 
first obscure awareness of space, but also the idea or notion 
arising from the perpetual process of comparison which goes 

1 Or, again, several different notions of metrical relation (Cayley's 
Theory of Distance). 
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on in this developing awareness, are pre-conditions of his geome- 
trizing. From this point of view the emergence in the first half 
of the nineteenth century of different systems of geometry is 
not a little enigmatic, for, as a matter of fact, the origin of these 
non-Euclidean geometrical systems is attributed by the originators 
themselves (e. g. by Lobatschewsky in his Studies on the Theory of 
Parallels) not to any modification in the conception of space, 
but to the alleged incertitude involved in Euclid's so-called 
Axiom of Parallels. These systems then led, or were supposed 
to lead, to different notions of space. It may indeed be held 
that the uncertainty alleged to be involved in Euclid's axiom is 
itself the result of an indefiniteness in the notion of space, and 
that the development of self-consistent but mutually exclusive 
systems of geometry was a clearing-up of this indefiniteness, 
a vanishing of it in the establishment of definite but differing 
notions of space. To discuss that question is, in large measure, 
to discuss the philosophy of modern geometry. 

A brief yet comprehensive view of geometry as it presents 
itself to a considerable number of contemporary mathematicians 
is given by L. Couturat in his Principles of Mathematics. 1 
Mr. Couturat expressly disclaims any pretensions to originality, 
and this circumstance is, in his eyes, precisely what should 
recommend his work to the reader. He means by this that he 
gives expression therein not to an isolated set of opinions, but 
in tl - main to the opinions elaborated and largely held in common 
by ?. mber of brilliant as well as patient modern investigators 
of r atical principles. In original intention, as Mr. Couturat 

exp as in his preface, the work was to be merely an account 
of tne magistral ouvrage of Mr. Bertrand Russell, 2 but in the 
course of this exposition Mr. Couturat found himself gradually 
drawn to include in his account a brief analysis of the main part 
of the work of contemporary mathematicians on the same 
subject. We have thus in this useful work, and within the 
compass of some 200 pages, the pith and marrow of the new 
views on mathematical principles, the remaining pages of the 
volume being assigned to an interesting and damaging criticism 
of Kant's philosophy of mathematics. 

' Geometry ' says Mr. Couturat ' is still commonly regarded 

1 Les Principes des MathJmatiques, Paxis, Felix Alcan, 1905. 

* The Principles of Mathematics, vol. i, Cambridge University Press, 1903. 
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as being the science of space. According to sound method then, 
it would seem that we ought to begin with a definition of space' 
Now in the first place such a definition is very difficult and 
complicated, and in the next it is perfectly useless : the idea of 
and the very word space are not to be found either in Euclid or 
in Archimedes. The same may be said of the notions of the 
line and the surface, which Euclid himself attempts to define at 
the outset of his Elements. The definition of these general 
notions requires very great tact, and they become rigorous only 
by the aid of the integral calculus ; and this is equivalent to 
saying that their place is neither in the elements nor in the 
principles of Geometry. It must not then be supposed that 
if these three notions cannot be defined at the outset of geometry 
this is because they are primary, fundamental, and simple ; on 
the contrary, it is because they are very complex, and we can 
constitute geometry perfectly well without them, as will presently 
be seen. Geometry is founded, not upon the general and vague 
ideas of space, of surface, and of line, but upon the particular 
and precise ideas of the straight line, the plane, and especially 
the point ; and it is among these that we find the primary and 
indefinable notions of this science. The point especially is the 
indefinable element of all systems of geometry. Points are the 
individual terms of all the relations the study of which consti- 
tutes the several geometries ; and if space can be defined at 
the outset of geometry, it must be as the aggregate of points ' l 
(Fensemble des points). 

It is clear from this passage that the terms ' definition ' and 
' indefinable ' are not employed in accordance with general 
custom, but in a technical sense especially relevant to mathe- 
matics, approaching to, if not actually identical with, wfoat is 
commonly understood by calculation or determination (of. the 
allusion to the integral calculus in relation to the definitions of 
the line and the surface). If we were to agree that the idea of 
' one ' is simple and indefinable, we might then also agree that 
all finite integral numbers are definable by means of this inde- 
finable, together with the idea (whether indefinable or not) of 
addition. But to force an interpretation upon a term which 
already has a recognized meaning, when there is another term 
whose recognized meaning is that forced upon the first, is a pro- 
cedure which tends ultimately to confusion of ideas. And this 
does in some measure show itself, no matter which of the new 
expositions of elementary geometry we may turn to. The 
geometer finds himself obliged to give some definitions in the 
1 Op. cit. y pp. 126, 127. 
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ordinary sense ; that is, to explain, by means of words whose 
meanings he assumes the learner to know, the technical sense in i 
which the defined word or symbol is to be understood. But, 
starting also with certain notions which he calls indefmables, 
he is apt to suppose that it would be illogical to attempt to 
define them in the ordinary sense of definition ; and, in so far 
as this is the case, there is confusion of thought, even if these 
notions should happen to be simple notions, and thus also 
insusceptible of any but purely nominal definition that is, 
insusceptible of construction in the learner's mind by juxta- 
position of simple notions; for definition serves not only this 
purpose, but also that of conveying information concerning 
customary general or technical use of terms ; thus securing 
that we shall not be at cross-purposes in the discussion of any 
subject. 

That we do not need to begin geometry by defining space is, 
of course, just a simple statement of fact ; we understand Euclid 
without any need for a definition of space, or if we do not 
understand him it is not for the lack of it. Space defined as the 
aggregate of points makes one regret the more that the point is 
indefinable, for with at least one common notion of the point we 
seem in this way to express an incongruity of thought rather 
than a definition of space. The rather wild statement that not 
only the word space, but even the idea of space, is not to be 
found in Euclid, is a paradox into which Mr. Couturat appears 
to be hurried because he does not pause to reflect that concep- 
tions do not alter or disappear merely because we extend, or 
alter, the meanings of names to suit our convenience or our 
theories. This, for instance, is what Mr. Russell does in his 
Principles of Mathematics, when he defines Geometry (p. 372) 
as the ' study of series of two or more dimensions ', where ' dimen- 
sions, like order and continuity, are defined in purely abstract 
terms, without any reference to actual space ' (p. 376). Mr. Russell 
is within his right, but Mr. Couturat is not within his when he 
affirms that in Euclid we do not find the idea of space. 

Next, geometry is founded not on the vague and general ideas 
of space, of surface, and of line, but on the particular and precise 
ideas of the straight line, the plane, and the point. It must be 
remarked, however, that the very notions of the particular and 
the general involve one another, and that consequently nothing 



clear and definite is meant in speaking of an idea as particular 
save by reference to the idea or ideas which are general in relation 
to it. We do not escape this necessity in mathematics even though 
the particulars may form a continuous series or gradation of 
differences. For instance, equality is the idea of a particular 
relation of magnitude, but it is a condition of our having formed 
it that we shall also, pan passu, have developed that of inequality, 
which is a general idea subsumed, together with that of equality, 
under the still more general idea of magnitude. The same must 
be affirmed of the straight line and of the plane, neither of which 
particular ideas can possibly be conceived save by contra- 
distinction with the general ideas of the non-straight or curved 
line, of the non-plane or curved surface. It is thus incorrect to 
say, as Mr. Couturat says, that these notions or Sdeas are not 
necessary to constitute geometry, though it follows as a matter 
of course that if it is one of our purposes in geometry to define 
(in the arbitrary sense) these general notions in terms of the 
so-called indefinables, we must begin with the indefinables. 

It may also be remarked that a general idea is not necessarily 
vague, unless by ' vague ' general is meant, in which case ' vague ' 
is surplusage \ but a general idea may be more or less ample 
in content, and this will depend upon the extent to which the 
awareness of resemblance or analogy has been carried, either in 
actual experience or in constructive reminiscence of experience, 
or again, upon the extent to which assumption of resemblance 
or analogy has been carried in the pursuit of hypothetical 
explanations. 

There is an insistence on the comparison between space, the 
surface, and the line on the one hand ; the point, the plane, 
and the straight line on the other, which challenges attention 
and ought not to escape criticism. There is a clear analogy 
between the comparison of the straight line with the line, and 
the comparison of the plane with the surface ; but this analogy 
completely breaks down when we come to the comparison of the 
point with space. The straight line is a kind of line, the plane is 
a kind of surface ; the point is not a kind of space. The relation 
conceived between geometrical indefinables and geometrical 
definables seems thus to be lacking in definiteness, in coherence, 
and this betrays itself in the final statement that points are the 
individual terms of all relations, the study of which constitutes 
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the different geometries. For if geometry is the study of the 
relations between points, then the fundamental and indefinable 
elements of geometry are to be found among these relations, and 
the point, instead of being ' especially ' the indefinable element 
of geometry, is, on the contrary, formally excluded from among 
them. 

I do not venture to offer any opinion on the merits of extending 
the meaning of the term geometry after the manner of the most 
recent school of philosophical mathematicians. The questions 
which I wish to discuss can be discussed without reference to 
this modern refinement, which must be looked upon as still on 
its trial ; they are relevant to geometry as still commonly 
understood, in the narrower acceptation of the term. Nor does 
it much matter whether we set out with a formal definition of this 
geometry ; though, as I have already remarked, if any definition 
is to be given, I should prefer ' the investigation of shape or 
configuration ' as at least more descriptive than ' the science of 
space ', for we might say of space as the pious Erigena said of 
God that it may not improperly be called nothing. 

Ought we then, en bonne logique, as Mr. Couturat says, to 
begin by defining shape ? Not so ; it is neither good logic nor 
bad to leave it undefined it is simply useless to attempt a 
definition which must trench upon the very investigation in- 
volved. The notion of shape is not only very general but very 
complex ; a definition of it must give at least some analysis of 
that notion into its constituent notions ; but this is just a part, 
and a most important part, of the study which is called geometry. 
It is true that it has been very much neglected, even by the quite 
modern school of mathematicians. It is, no doubt, convenient 
to take, e.g. the straight line as an indefinable, and to maintain 
a discreet silence upon the question whether this notion is funda- 
mental or simple, not analysable into simpler notions ; but the 
convenience appears to me to be obtained at the expense of an 
adequate philosophy of the subject. 



CHAPTER XI 
THE STRAIGHT LINE AND THE FLAT SURFACE 

The terms ' straight ' and ' plane ' denote identity of linear and surface 
shape. All other shape-names are class-names, i.e. names of shape-like- 
nesses. Elaboration of the notion of straightness and flatness ; connexion 
with the notion of direction. The a priori or transcendental in relation 
to Geometry. The angle. Linear shape and the notion of Length. The 
notions of Direction and Length are fundamental in Geometry, even where 
the treatment of it is descriptive. 

THE straight line and the plane surface are, as Mr. Couturat 
remarks, particular and precise ideas ; that is, these names are 
names of a particular line, of a particular surface ; but they are 
not names of one line and one only, of one surface and of one 
only. ' Straight ' is the common name of many lines, * plane ' is 
the common name of many surfaces ; they indicate respectively 
something in which the lines are alike, in which the surfaces are 
alike. That something is what we call shape of line, shape of 
surface, 1 Moreover, these names do not indicate merely likeness 
or resemblance, for if they merely did this, the notions of the 
straight line and of the plane would be general, not particular ; 
they indicate identity of shape between the many lines, and 
again between the many surfaces. These identities constitute 
the particularities of the notions of the straight line and of the 
plane respectively. It is evident from this that the conception 
technically known as that of congruence is involved in that of 
a particular shape. To conceive distinct lines as of one and the 
same shape is to conceive the same linear shape in different places ; 
and this is in essence the conception of congruence. 

Although it cannot be admitted that geometry, in the ordinary 
sense, is possible without the notions of the line and surface 
the particular notions of the straight line and plane being them- 
selves impossible apart from these general notions it is none 

1 It may not be out of place to remark that, in his criticism of Kant's 
philosophy of mathematics, Mr. Couturat himself insists on the notion of 
shape as fundamental : ' En realite la ligne droite est une figure ' (Op. cit., 
p. 280 ; the italics are his). 



The Straight Line and the Flat Surface 159 

the less a matter of fact that we begin geometry with these 
particular shapes of the line and surface. But as no one linear 
or surface shape is any more or less particular than any other, 
the mere fact that these are particular throws no light upon the 
question why we begin to geometrize with this particular shape 
of line and with this particular shape of surface rather than with 
any others, or why, of the innumerable linear and surface shapes, 
this particular shape of line and shape of .surface have received 
proper names, all other geometrical names indicative of shape 
being without exception names of shape-likenesses, class-names. 
It is to be presumed that we find, in the linear shape which we call 
straight, and in the surface shape which we call plane, some very 
simple and characteristic property which stamps them respec- 
tively as standards of comparison with reference to all other 
linear and surface shapes. 

When the straight line is said to be indefinable, it appears at 
least to be implied that this notion is not analysable, cannot be 
constructed by a synthesis of simpler notions, this impossibility 
clearly manifesting itself in the lack of real significance exhibited 
by attempted definitions ; i.e. the condition of understanding 
the defining context is found to be that the formally defined 
notion must already have been developed. This is evidently 
what is meant, e.g. by the writer of the article ' Geometry, 
Part I,' in the Encyclopaedia Britannica* when he remarks that 
Euclid's Definition 4, I A straight line is that which lies evenly 
between its extreme points must -be meaningless to any one 
who has not the notion of straightness in his mind/ And the 
remark is no doubt true for the mature individual. It might 
even be urged that it is rather the notion to which the name 
' straight ' is given which determines the precise sense in which 
the term 'evenly' is used in 'lying evenly between'. But it 
must not be forgotten that we elaborate many of our conceptions 
before we have made any effective acquisition of language, and 
that this prior elaboration is a necessary condition of the intelli- 
gent use of words and of the aid afforded by language in the 
growth of the conceptual system. Thus with regard to questions 
touching the genesis, order, and interdependence of those con- 
ceptions elaborated prior to the effective acquisition of language, 
the internal evidence afforded by language itself is superficial. 
J Vol. x, p. 376. 



Shape is an attribute of body, or the conception is, in the usual 
phraseology, an abstraction from body. But abstraction is, in 
fact, a process : the very definite process of withdrawing or 
abstracting attention, either in perception or in imagination, 
from some aspects of a complex presentation, and concentrating 
it on others, or on one. The aspects (which correspond in the 
main to the different avenues of sense) may be called abstrac- 
tions, and the word then loses its misleading but common 
implications. Either perception or imagery of some kind is thus 
a condition of the process of abstraction in this definite sense of 
the word. 

We perceive the shapes of body mainly through a combination 
of the sense of touch with that of the muscular adjustments 
which control the movements of the exploring organ. It is thus 
clear that a concurrent condition of the development of shape- 
perception is a development of the perception of situation or 
position in relation to the percipient. We may even go so far 
as to say that some rudimentary idea of direction and distance 
of objects from the percipient is already involved in the process 
of exploring the simplest shape, say that of an edge. This very 
brief description of the process of perceiving shape is applicable, 
by a significant metaphor, as well to the eye as it literally is to 
the hand, particularly with regard to the perception of edges 
or outlines. In the visual exploration of the shape of an edge 
or outline, the fovea, or spot of distinct vision in the retina is, 
metaphorically, kept ' in touch ' with the successive points of the 
edge or outline. 

But it is a loose, and even in some measure an inaccurate state- 
ment that we perceive the shape of an edge or outline by means 
of the muscular adjustments which determine the movements 
of the exploring organ, that we judge two edges to be of the same 
or of different shape according to the identity or difference of 
the muscular action in the two explorations. As a matter of 
fact we do judge two or more edges or outlines to be of the same 
shape notwithstanding very great differences in the muscular 
adjustments involved in the several explorations. On the table 
at which I am writing stands a box which has six distinct surfaces 
meeting two by two in twelve distinct edges, of which nine happen 
to be visible to me. I perceive that these nine edges are all of the 
same shape, but a very elementary knowledge of the anatomy 
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of the visual apparatus as a whole is sufficient to show me that 
this judgement of identity in shape cannot proceed simply from 
the sense of the muscular adjustments in these nine distinct 
explorations ; the muscular action in fact varies very largely 
from case to case, sometimes involving one pair of the three 
pairs of muscles which control the orbital movements, sometimes 
another pair, and again, and in general, various combinations 
in action of two pairs. If I perceive these nine edges to be 
identical in shape, this judgement must repose upon some 
identity of sign which is either involved in, or accompanies, these 
nine different muscular actions ; and such a sign very obviously 
lies in the character of the movement impressed upon the eye- 
ball in its socket by these muscular actions. If we consider this 
rotatory movement of the ball in its socket we see that there 
is a simple movement, which may readily become a standard of 
comparison, from which all other movements of the ball deviate 
more or less. This simple movement is rotation of the eyeball 
about a fixed or unchanging axis, all other or complex move- 
ments departing more or less from this simple type. It would, 
of course, be absurd to suppose that the geometrical conceptions 
involved in this description of the signs felt are present to the 
mind of the percipient. What we assume is that the signs are 
felt, and if we do not admit some such assumption we cannot 
account for an empirical derivation of our knowledge of the shapes 
of objects, we cannot even admit experience to be the source of 
this knowledge, and must conclude that this knowledge is a priori. 
All edges or outlines, the exploration of which by the eye 1 
involves this simple movement only, will eventually be judged 
to be of the same shape, no matter about what axis the rotation 
takes place, no matter what the amount of the rotation, no 
matter what the sense of it. This judgement reposes partly upon 
the ascertained fact that any edge, the exploration of which 
yields this sign, is found to yield it no matter where the per- 
cipient sees it from, partly from the conception of congruence or 
identity of shape, the same shape of line in different places or 
distinct lines of the same shape. But there is yet one more 
experience which is found to be peculiar to the exploration of 
this shape of line and to no other, viz. that if the end points of 

1 I confine myself to visual exploration because of the comparative sim- 
plicity of eye movements, and hence of the signs afforded by them. 

BERKELEY M 



the line are brought by the percipient into the same direction the 
sign vanishes completely in other words, all the points of the 
line lie in the same direction ; in Euclid's phraseology it ' lies 
evenly between its extreme points '. 

I think we must admit that this shape is not fully characterized 
until this last result of its exploration has been achieved ; in 
other words, that the conception of straightness and curvature 
of edge depends, for its complete elaboration, upon co-ordination 
with that of direction and change of direction. Uniformity of 
direction is what is implied in Euclid's * lying evenly between 1 . 
But it is a question by no means easy to answer whether it is 
not in this very co-ordination that the conception of straightness 
and of uniformity of direction become definite. 

Although it is mainly from the organic exploration of bodily 
edges that we elaborate the conception of linear shape, this is not 
the sole source of the conception. Evidently when we follow the 
movement of a small body the motion of the organ is identical 
with that which it would have if it explored some bodily edge. 
When we make abstraction of the size of the body, that is, con- 
sider it as a point, we are prompted by precisely the same motive 
which leads us to make abstraction of the body whose edge or 
edges we explore. Accordingly we get either, on the one hand, 
such a definition of the line as Euclid gives us, or, on the other, 
that the path of a point is a line ; l and, corresponding to Euclid's 
' statical ' definition of the straight line, we should also have this 
definition in the form ' the path of a point which moves without 
change of direction '. From the orthodox point of view, however, 
the latter definition would probably at once be rejected on the 
ground that the straight line is already ' presupposed ' in the 
conception of direction. It is a natural and obvious objection 
to raise that the very simplest form of the conception of direction 
is that of the mutual inclination of two intersecting straight lines. 
But it is equally evident from what has gone before that this view 
requires at least some modification. It is at all events clear that 
the conceptions of direction and of straightness originate in one and 

1 The confusion between the definition of a notion and an assumption or 
axiom which relates to the notion is carried to its extremity by Helmholtr, 
for whom such a statement as : the path of a point is a line, is the expression 
of an assumption or axiom. See his ' Origin and Significance of Geometrical 
Axioms/ in Popular Lectures on Scientific Subjects, vol. ii, p. 31. 
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the same matrix, in the same set of concrete experiences, and the 
utmost that can be conceded to the orthodox view is that these 
conceptions develop 'pan passu and only attain complete definite- 
ness in their final correlation. In other words, we do not fully 
conceive the straight line until we have correlated it with direction, 
and it may be that in this very correlation the conception of 
direction is at the same time rendered definite. From this point 
of view it remains an open question whether we should consider 
the straight line as definable or not in the ordinary sense of 
definition. 

From the moment the fusion of the straight line and direction 
has been effected, the familiar notion of the line of vision is 
constructed, and thus those similarities of sign, given in the 
movements of the eye, which come to stand for straightness of 
outline, now become symbolic also of flatness of surface. That 
is to say, the shape of surface swept out by the line of vision 
in exploring a straight outline becomes necessarily associated with 
this shape of outline. Hence one of the definitions commonly 
given of the plane, viz. that we construct it (in imagination) by 
drawing straight lines from all points of a straight line to any 
point not in the straight line (Ency. Brit., art. Geometry, vol. x, 

P- 377)- 

To return to the connexion between the conceptions of straight- 
ness and of direction, I think it will be seen that the belief that 
the conception of straightness is a pre-condition of the con- 
ceiving of direction 1 is incompatible with any derivation of the 
former from experience, and carries with it the conclusion that 
this conception is a priori. This standpoint, or mental attitude, 
seems to be closely connected with that to which attention was 
drawn in chapter vi, I mean Cayley's standpoint as disclosed 
by his brief criticism of J. S. Mill's views on Geometry. Cayley 
saw very well, what curiously enough seems to have escaped 
Mill's attention, that ' if there is no conception of straightness, 
then it is meaningless to deny the existence of a perfectly straight 
line '. 2 But, for Cayley, straightness or the perfectly straight line, 

1 I do not know of any case in which, this belief or opinion is actually 
expressed, but it appears to be implied in the use to which the term ' direc- 
tion ' is put, when employed at all, in geometrical treatises. It is certainly 
not commonly denned, nor introduced until after the straight line has been 
either denned or presented as an indefinable. 

* Mill not only denied the existence of these geometrical entities, but also 
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the normal acuity of perception. In infancy and early childhood 
the individual's mental development is largely bound up in 
learning to use his organs of sense, in learning to perceive as 
well as to act. Similarities and dissimilarities which are not 
perceptible to him at one stage of development become per- 
ceptible at a later stage. Admitting some such process of explora- 
tion and perception of linear shape as we briefly suggested above, 
it then becomes perfectly intelligible, as we shall presently see, 
that a judgement such as Mill's and Cayley's, as to the non- 
existence of straight lines in nature, is compatible with an 
experiential origin of the conception of straightness. 

It must be borne in mind that we carry with us no recollection 
of the long laborious process of learning to perceive. Thus it is 
not until we begin to philosophize that the question presents 
itself whether the entities of geometry exist in nature. The 
individual who is either too practical or too busy to philosophize 
accepts without further reflection, or has accepted at some time 
without reflection, that the edge of a mathematical ruler is per- 
fectly straight. He is then invited to look at the edge of such a 
ruler through a powerful microscope, and he perceives it to be 
not perfectly straight. Is it necessary to assume that he has an 
a priori conception of straightness which enables him to conclude 
that even the edge of a mathematical ruler is not perfectly 
straight ? Evidently not ; he perceives the edge as not straight 
through the microscope by contrast with his perception of it as 
straight by the naked eye. The microscope does here for the 
mature individual, on a very large scale and in a brief moment, 
what, on a very much smaller scale and in a much longer period 
of time, was effected for him in his immaturity through the 
training of his visual apparatus. An untrained thinker, for the 
first time making this experience with the ruler and microscope, 
would not improbably assert that the edge of the ruler is quite 
straight, though it is ' rough ' ; and the conception of uniformity 
of direction which we all possess would at once enable us to 
understand what he meant by the assertion. The judgement 
would of course be a rash one, for we could feel no assurance 
whatever that the edge of the ruler might not be after all slightly 
curved, and that the microscope may be as ineffective to make 
us sensible of the curvature as the naked eye is to make us aware 
of the roughness. 



From the moment we realize, he it even only in a perfunctory 
manner, how the conception of straightness can be elaborated 
out of the material of experience, we are no longer intellectually 
justified in assigning to this conception an a priori origin as 
explicative of our possessing it. To do so would be very much 
like persisting in the explanation of the existence of natural 
species by the hypothesis of special acts of creation, after Darwin 
and his followers have made it plain that these species may 
perfectly well have originated not supernaturally, but naturally. 
But whoever admits the straight line and the other ' purely 
imaginary objects J of geometry to originate in experience, 
rejects the theory that geometry is an a priori science ; like 
all other ' pure ' sciences, it is a process of reasoning about abstrac- 
tions from experience, about abstract ways of regarding the 
concrete. Admit that in nature there exist no straight lines, 
planes, spheres, &c. ; you admit also that in nature there exist 
no rigid levers, inextensible strings, frictionless pulleys, &c. 
These latter notions also originate in experience and by pro- 
cesses very similar to those which yield the geometrical entities. 
Elementary theoretical mechanics is a process of reasoning about 
these and similar abstractions, just as geometry is a process of 
reasoning about the others. 

The consciousness of that break, in the continuity of linear 

shape, which arrests attention in the course of the exploration 

of bodily edge or outline, develops into the conception of the 

angle, rectilinear and curvilinear ; and, in accordance with the 

view here advocated of the origin of the fundamental geometrical 

conceptions, those of the rectilinear angle and of difference of 

direction complete and establish one another so soon as the 

percipient has correlated the straight line with uniformity of 

direction. Hence also there is, properly speaking, neither 

rectilinear nor curvilinear angle : the ' break ' is rectilinear, or 

curvilinear, or partly one and partly the other, while the angle 

is the difference of initial direction, or, if the lines are straight, 

the inclination of the one to the other. But, the straight line 

and uniformity of direction having been correlated and in a loose 

sense identified, we find the so-called curvilinear angle defined 

as formed by the meeting of the tangents to two curved lines 

at their point of intersection (cf. The Century Dictionary, under 

' Angle '). 
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Clifford, in his Common Sense of the Exact Sciences, tells us 
that ' shape is a matter of angles ', and illustrates this proposi- 
tion in various ways. The statement is manifestly inapplicable 
to linear and surface shape. But we might say, employing the 
term figure in a restricted sense, that figure is a matter of angles. 
In this sense the solid has no shape, other than that or those of 
its surfaces and edges, but it may have figure. The point, 
however, is of little importance ; and it would certainly be 
inconvenient thus to restrict the meaning of figure. Euclid's 
definitions of the line, surface, and solid are definitions of dimen- 
sion rather than of figure. 

We may remark, however, with reference to Euclid's definition 
of the line, that it appears to involve a conflict of opinion between 
him and some modern geometers. The line, says Euclid, is 
length without breadth, and so we must read it without 
thickness. Whatever we may think of this as a definition of the 
line (it shows us, of course, that he is defining an ' abstraction ' 1 ), 
we can at least gather from it what was Euclid's conception of 
length. Length, for Euclid, is a feature or attribute of all lines. 
According to this view the notion of length is not what it is, 
e. g. for Mr. Russell, ' originally derived from the straight line, 
and extended to other curves by dividing them into infinitesimal 
straight lines/ 2 Euclid's definition is quite general and precedes 
that of the straight line. What Mr. Russell describes as extend- 
ing the notion of length from the straight line to other curves, 
is the notion of comparing a straight line and a curve in length 
by the intermediation of a broken line, the comparison becoming 
more and more precise as the number of breaks increases. But 
it is obviously a pre-condition of this notion, that the straight, 
line, the broken line, and the curve are conceived under this 
common attribute, viz. length; we could not otherwise think 
of thus comparing them. The notion is, at bottom, the breaking 
of the straight line so that it becomes more and more nearly 
congruent with the curve. ' In the limit ' of this process the 
length of the broken line is the length of the curve. No doubt, 

1 I do not by any means assert, however, that for Euclid the geometrical 
entities which he defined were nothing but abstractions. Euclid was by 
philosophical profession a Platonist, and, for aught I know, the geometrical 
entities thus defined may have been for him, as they were for Cayley, among 
the ' only realities '. 

3 The Foundations of Geometry, p. 17. 
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CHAPTER XII 

DEFINITIONS AND AXIOMS IN GEOMETRY 

Self-evidence and the object of Demonstration. Discordant views 
regarding the distinction between Definitions and Axioms. The Assump- 
tions alleged to be hidden in Euclid's Definitions, The Sense in which 
Geometrical Entities may be said to exist. Irrelevance of Assumption to 
this sense of existence. Mr. Poincare and Professor Klein on the nature 
of Geometrical Axioms. Similarity of Klein's views and those of Cayley. 
Euclid's geometrical Axioms and Postulates. Alleged distinction between 
the infinitude and the unboundedness of Space. Some of the propositions 
usually classed as geometrical axioms are definitions of geometrical abstrac- 
tions, in regard to which neither assumption nor convention has any rele- 
vance. 

'EVERY conclusion rests upon premisses. These premisses are 
either self-evident and require no demonstration, or else they 
can be established only by derivation from other propositions. 
Since we cannot thus proceed ad infinitum, every deductive 
science, and geometry in particular, must be founded upon a cer- 
tain number of indemonstrable axioms/ 1 

Robert Simson in the Notes to his edition of Euclid's Elements, 
tells us that 

' Proclus, in his commentary, relates that the Epicureans 
derided Prop. 20 ' (any two sides of a triangle are greater than 
the third side) ' as being manifest even to asses, and needing 
no demonstration ; and his answer is, that though the truth 
of it be manifest to our senses, yet it is science which must 
give the reason why two sides of a triangle are greater than the 
third ; but the right answer to this objection against this and 
the 2ist, and some other plain propositions, is, that the number 
of axioms ought not to be increased without necessity, as it must 
be if these propositions be not demonstrated.* 

I do not know that Simson's answer is any better than that of 
Proclus. Some modern geometers reject, or believe that they 
reject, all appeal to intuition in geometry. ' L'intuition ne doit 
avoir aucune part reelle dans les raisonnements geometriques 
. . . ceux-ci, pouretre rigoureux, doivent etre purement logiques/ 
1 Poincare, La Science et I'Hypothese, p. 49. 
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its ratj.u,,! s.i !M ti.., why shoultl OIM- self-evident proposition be 
sMlmittiil .,-- an axi<iin and another not ? the answer is not by any 
weans obvious. The fcpicuwans s.iy. in effect : The proof of a 
geometrical proposition consists in showing that it can ultimately 
I* deduced from one ,r more efomentary propositions which 
we accept as true. But it would be absurd to argue that we 
accept these elementary propositions as true tecause they cannot 
be proved ; we accept them as true IHSCIUSC they are self-evident 
The rational object of demonstration, therefore, cannot be to 
establish the truth of self-evident propositions, self-evidence 
iHung the ultimate criterion of the truth of a proposition; the 
ratumal object of demonstration is to establish the truth or 
untruth of propositions which are not sclf-evidently true or false. 
Unless a valid reason is assigned for the rule, latter-day Epi- 
cureans will go on deriding these propositions as being manifest 
even to asses-which is their polite way of deriding as asses those 
who are at the trouble of demonstrating these propositions. 

The modern geometer, however, has different sets of axioms 
from which flow different systems of geometry, and he is content 
to affirm, as Mr. Russell explains (cf. Principles, p. 373), merely 
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axioms (Ibid., p. 373). But what are we to conclude, on this 
particular point, from the result of these investigations ? The 
three main systems of geometry Euclid's, Lobatschewsky's, 
and Riemann's are each self-consistent, but are, or are said to 
be, each inconsistent with the others. The axioms then, as 
Helmholtz observes, 1 cannot be 'necessities of thought'. Evi- 
dently, to accept this conclusion is to admit that the self-evident 
is not necessarily true. Thus, even from the Epicurean stand- 
point, that in geometry we are concerned with the truth or 
falsehood of propositions, it is a sound rule that we must admit 
in our geometrical premisses the least possible number of axioms. 
But it may be observed that we are in no need of the modern 
development of geometry in order to rationalize this rule, which 
appears to have been at least tacitly admitted ever since geometry 
became a methodical science. The fact is that we are all liable 
on occasion to admit, as self-evident, propositions which we 
subsequently recognize not to be such ; so that finally we require 
a non-subjective or ' ejective ' test, viz. the common consent 
which guarantees us against the stray illusions of the individual ; 
the self-evident propositions are the residuum. If these pro- 
positions refer to use Hume's terminology not to matters of 
fact but to relations of ideas, their truth resides in the perma- 
nence of this ' ejective ' self-evidence, and obviously cannot lie in 
anything else. 

Geometrical axioms, no matter in what treatise or textbook 
we may look for them, are always propositions concerning some of 
the more elementary or fundamental of geometrical conceptions. 
If any definitions of these conceptions are given, these statements 
commonly appear to be of a different kind from the axioms. 
But it seems to be possible for the geometer to introduce, 
unguardedly and in the guise of definitions, statements which 
are in reality axiomatic propositions. Thus it is alleged that 
a number of axioms are hidden among Euclid's first definitions. 
It is a matter of some importance, then, to know precisely what, 
in the modern geometer's mind, is the distinction between an 
axiom and a definition. But this is also what it is extremely 
difficult to find out, because the modern geometer, if we generalize 

1 ' Origin and Significance of Geometrical Axioms. ' Popular Lectures 
on Scientific Subjects, vol. ii, p. 54. Translated by Prof. E. Atkinson. 
London, 1881. 
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a plane, and wherever in that plane we construct a right angle, 
all angles thus constructed will be equal, so that any one of them 
may be made to coincide with any other. (Axiom n.) 

4 4. The I2th Axiom of Euclid. This we shall not state now, 
but only introduce it when we cannot proceed any further 
without it. 

' 5. Figures may be freely moved in space without change of 
shape or size. This is assumed by Euclid, but not stated as an 
axiom. 

',6. In any plane a circle may be described, having any point 
in that plane as a centre, and its distance from any other point 
in that plane as radius. (Postulate 3.) ' 

From this enumeration of the axioms contained in Euclid's 
preliminary statements, we ought to be able to gather precisely 
what, in the author's mind, constitutes the difference between the 
definition of a geometrical entity and an axiomatic proposition 
concerning it. Euclid, it is clear, defines these geometrical 
entities by means of what the author of the article calls their 
properties, and it is also fairly obvious that what the latter con- 
siders to be hidden in these definitions are the several assumptions 
that this, that, and the other geometrical entity exist. But it is 
in the first place an assumption itself that Euclid assumes this. 
It is, indeed, quite possible that Euclid, as a Platonist, looked 
upon e.g. the straight line and the plane as among the only ' real 
existences '. But Euclid the geometer is very careful not to 
mix up Plato's metaphysical speculations with the scientific 
exposition of geometry, as we clearly see from his procedure ; 
he entirely ignores the question of the origin of these geometrical 
notions ; he simply describes them. As Mill points out and as 
Cayley admits, these entities do not exist in nature. Nor is it 
necessary for the purpose of geometrical reasoning to assume 
that straight edges exist or that motion in straight lines ever 
actually takes place. The conclusions of geometry are signifi- 
cant if these fundamental notions are clear, and they are valid 
if the derivation is logical. 

But if we do not and need not assume, in order to reason about 
these entities, that they exist in nature, do we assume that they 
exist in the mind ? The question seems to have no sense. The 
existence of the entities consists in our conceiving them, and I 
fail to see what the relevance of assumption can be here. If it is 
said that what is assumed is that the entities have the described 



properties, this is merely a confusion of thought arising from the 
metaphorical use of the term ' properties ' ; the so-called proper- 
ties by which the entities are defined are no other than the 
entities, L e. the abstractions or conceptions themselves. 

Mr. Poincare reminds us that the word ' existence ' has not, 
with reference to a mathematical entity, the sense which it 
has with reference to a material object. A mathematical entity 
exists provided no contradiction is involved in the definition 
of it, either in itself or with propositions previously admitted 
(La Science et VHypothese, p. 59). Does the writer of the article 
in the Encyclopaedia Britannica mean, then, that in the definitions 
which he says hide axioms, it is assumed in each case that no 
contradiction is involved ? We have to look behind the defini- 
tions to the things defined, which here are abstractions. What 
is the relevance of contradiction to the definition of an abstraction, 
if we exclude mere ignorance or inadvertence in the customary 
use of words ? And hence what is the relevance of assuming that 
the definition does not involve contradiction ? 

Let us consider now in what way Mr. Poincar6 reaches the 
conclusion that the axioms are definitions in disguise. He 
discusses the question in the third chapter of the book already 
mentioned, and begins by admitting the usual distinction between 
axioms which are essentially geometrical and those others of 
which Euclid's Axiom i (Things which are equal to the same thing, 
&c.) is the type. These Mr. Poincare does not consider to be 
geometrical propositions but analytical propositions. ' I regard 
them as analytical judgements a priori and shall not concern 
myself with them any further.' 

Although Mr. Poincare follows here an almost universal ten- 
dency among mathematicians, it seems to me rash to hurry 
propositions of this kind out of sight without pausing to consider 
whether they may not throw at least a side-light on the nature 
of the specifically geometrical axioms. For we do not bestow 
names at random, but are always guided in the bestowal by the 
sense of some analogy, be it important or trivial, essential or 
superficial, and there must therefore be some reason, good or bad, 
for the assigning of this name ' axiom ' to these propositions, as 
well as to the specifically geometrical ones. Mr. Poincar does 
not attempt to explain or justify his view that these propositions 
are analytical judgements a priori, and I believe this view to be 
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untenable. Euclid's Axiom i, whether we call it a geometrical 
proposition or not, is a proposition about geometrical entities, 
simple or complex, fundamental or derived. ' Things ' is a 
general term which covers lines, surfaces, solids, figures, angles, 
lengths, areas, contents, &c. Mr. Poincare expresses the axiom 
in the form ' two quantities which are equal to the same third 
quantity are equal to one another ', and, in relation to geometry, 
' quantities ' has the meaning which Euclid attributes to ' things '. 
Now this does not express an analytical judgement, and that 
this is so can very easily be seen if the process of thought which 
prompts it is expressed in a manner which does not hide the 
nature of that process, thus : Given (i) that A (any thing in 
Euclid's sense) is equal to B, and (2) that B is equal to C ; then 
(3) A is equal to C. Here manifestly we have two data (i and 2) 
and a conclusion (3) which follows from the data. That is to 
say, the conclusion results from a bringing together or synthesis 
of the data ; we are enabled by means of this synthesis to arrive 
at something not given, and this is the essential trait of a synthetic 
judgement. The conclusion is at once immediate and apodeictic. 
If we are given the further datum that C is equal to Z), the further 
conclusion that A is equal to D is mediate and apodeictic : it 
is mediated by the antecedent conclusion that C is equal to A. 
No one would dream of calling the first proposition a definition, 
and here at all events the term axiom has a clear and definite 
signification, viz. a synthetic proposition which embodies an 
immediate and necessary judgement or conclusion. 

Returning from this digression to the main theme, viz. the case 
for geometrical axioms as definitions in disguise, Mr. Poincare's 
argument is briefly as follows : 

The three axioms which most geometrical treatises state 
explicitly are : (i) through two points one straight line only 
can be drawn, (2) the straight line is the shortest path from 
one point to another, (3) through a given point one straight 
line only can be drawn parallel to a given straight line. Number- 
less attempts were made to prove the third of these, known as 
Euclid's postulate, until Lobatschewsky and Bolyai showed that, 
starting from Euclid's other axioms but rejecting this one, a self- 
consistent geometry could be deduced inconsistent with Euclid's ; 
hence that his postulate cannot be derived from the other axioms 
admitted by him. Subsequently it was shown by Riemann that 



a third system of geometry, equally self-consistent with the two 
others, but inconsistent with either of them, can be constructed 
if we reject, not only Euclid's postulate, but also the axiom that 
no more than one straight line can lie between two points. 

The explicit axioms are, however, not the only ones, for after 
abandoning them successively there still remain a few propositions 
common to the systems of Euclid, Lobatschewsky, and Riemann. 
These propositions must be founded upon some premisses which 
geometers admit but do not state ; and Mr. Poincar finds these 
in the definitions of the straight line, of the plane, and of the 
equality of two figures ; the last of which involves the notion 
of superposition and hence the assumption that figures can be 
freely moved without change of shape or size. We thus some- 
what unexpectedly find ourselves back at the standpoint of the 
writer of the article on geometry in the Encyclopaedia Britannica, 
viz. that some of the definitions are axioms in disguise, or hide 
axioms. And by a geometrical axiom we see here that Mr. Poincar6 
means an assumption, something not absolutely self-evident as 
the case is with an analytical judgements priori (cf. Ibid., p. 60). 

Finally the nature of geometrical axioms is discussed, the 
question being asked, first, whether they are, as Kant affirmed, 
synthetic judgements a priori. They are not. If they were, 
they would impose themselves upon us with so overwhelming an 
authority that we could not conceive their contradictories, nor 
on these found different systems of geometry. Let us take, for 
instance, a real synthetic judgement a priori : 

' If a theorem is true for the number one, and if we have proved 
it true for n + 1 provided it is true for n, then it will be true for 
all positive integral numbers. Try to found, on the denial of 
this proposition, a false arithmetic analogous to non-Euclidean 
geometry. It cannot be done ; one is even tempted at first sight 
to regard these judgements as analytical.' * 

1 The temptation is even greater to regard them as confusions of thought. 
Take, for instance, the second premiss by itself : If we have proved the 
theorem true for the positive integral number which immediately follows 
any positive integral number, provided it is true for any positive integral 
number. How can this be a subject of proof ? The entire proposition 
amounts to this : 

If ( i ) a theorem is true for i , and 

(2) can be proved true for i-hi, 2+1, 3 + i, 4+ r, . . . , provided 

(3) it is true for i, 2, 3, 4, . . . , then 

(4) it is true for t, 2, 3, 4, 
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Nor are the geometrical axioms empirical truths. We do not 
conduct experiments on ideal straight lines and circumferences, 
but only on material objects, that is, on their properties. More- 
over, were geometry an experimental science it would not be an 
exact science, it would be subject to continual revision ; indeed, 
we ought to condemn it as erroneous, knowing as we do that no 
absolutely invariable solid exists. 

' Geometrical axioms are therefore neither synthetic judgements 
a priori nor empirical facts. They are conventions ; our choice 
from all the conventions possible is guided by empirical facts, 
but it remains free and is limited only by the necessity of avoiding 
all contradiction. Thus the postulates remain rigorously true 
even though the empirical laws which have determined their 
adoption are approximative. In other words, the axioms of 
geometry (I do not speak of those of arithmetic) are only defini- 
tions in disguise/ 

Thus, while for Professor Henrici (the author of the article 
Geometry in the Encyclopaedia Britannica) some of the definitions 
of geometry are axioms in disguise, for Mr. Poincar6, on the 
contrary, the axioms of geometry are definitions in disguise. 
We could hardly have more striking evidence of the looseness of 
thought with its almost inevitable accompaniment, ambiguity 
in expression which characterizes the modern discussion of 
geometrical principles. 

What is at least quite clear is that the propositions which are 
commonly called geometrical axioms are of a wholly different 
type from that of the proposition known as Euclid's Axiom i, 
which embodies a conclusion, at once immediate and necessary, 
arising from the synthesis of two data or premisses. So far as 
the discussion has at present gone, these propositions embody 
abstractions from experience. This does not seem to be denied, 
not at least by Professor Henrici ; indeed, he affirms it. Never- 
theless, in common with most mathematicians, he regards these 
propositions as embodying assumptions. Thus, in some unex- 
plained manner, assumption becomes involved in the process of 
geometrical abstraction, and the consequence is that we are 
eventually landed in a dilemma. Instead of understanding that 
while Euclid's planimetry is an investigation of geometrical 
relations upon a surface of a particular shape, what is called 
Lobatschewsky's planimetry is a similar investigation with respect 
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to any one of a class of surface shapes not contemplated by 
Euclid ; and what is called Riemann's planimetry is a similar 
investigation in relation to any one of a class of surface shapes 
contemplated neither by Euclid nor by Lobatschewsky instead 
of this, we are told that there are different possible geometries, 
corresponding to different possible spaces, according to the 
assumptions we make as to the properties of the plane, and that 
it is experience only, if ever, which can decide which shape is the 
real shape of the plane. Obviously, from this point of view, the 
plane is a surface which exists objectively but is not known to us 
with complete precision or, at least, this should be so if the 
thinker is consistent in his process of thought. Mr. Poincar at 
all events escapes from this dilemma. For him the question 
whether Euclidean geometry is true which can only mean 
objectively true, since its self-consistency is not called in question 
is meaningless. No one geometry can be truer than another ; 
it can only be more convenient a view of the matter which quite 
naturally follows from, or is consistent with, the opinion that 
geometrical axioms are conventions. At the same time it will 
be clear that both this view of geometry and this opinion as to 
the nature of the axioms are possible only for one who believes 
that the so-called non-Euclidean systems of geometry really 
possess geometrical significance, that we are really capable of 
conceiving different kinds of space. 

Before returning to the subject of the * assumptions made by 
Euclid ', it will not be out of place here to give a very brief 
account of the views on the nature of geometrical axioms 
held by a distinguished authority, perhaps the greatest living 
authority, on the subject of non-Euclidean geometry, Professor 
Felix Klein. 

According to Klein, the axioms of geometry give expression to 
a claim or demand of the intellect to transcend the limitations 
or the imprecision of our intuitions, a claim to absolute exactness. 
A figure in a geometrical demonstration should be looked upon as 
a means of making visible the sequence of Its parts, the relations 
of position of points and lines, while leaving us aware that what 
we thus perceive inexactly or approximately is to be conceived 
as exact. This point of view implies considerable latitude in the 
choice of axioms. Every system of axioms should be admitted 
which, within the limits of exactness of intuition, is in agreement 
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with intuition. It is to the inexactness of our spatial intuition 
that we must attribute the possibility of founding different 
systems of measurement, such as are embodied in hyperbolic, 
parabolic, or elliptic geometry. Intuition does not enable us to 
decide with certainty that any one of these three theories is 
false. 

Turning now to the question of the origin of the axioms. If in 
these we recognize conceptual claims which transcend natural 
intuition, then the axioms cannot derive from experience. The 
results of actual measurement, however careful, are always 
subject to the degree of incertitude arising from the relative 
inexactness of intuition. But that we are able to consider these 
results in relation to absolutely precise axioms does not proceed 
from experience, but from a necessity of our own nature. Such 
a definition of the axioms implies that the foundations of mathe- 
matics are transcendental, reach beyond the imprecision of our 
intuitions. The import of the development of such a transcen- 
dental science in relation to its applications may perhaps be 
expressed thus : that in their application, the results of pure 
mathematics approximate to validity, the more exactly valid, in 
the application, are the premisses from which we set out on the 
path of mathematical deduction. 1 

In one respect the question of the origin of the axioms 
there is close similarity between Klein's views and Cayley's. 
What the former calls axioms are included among Mill's ' purely 
imaginary objects ', which, according to Cayley, are the ( only 
realities ', the ovros oi/ra, in regard to which the corresponding 
physical objects are as ' the shadows in the cave '. Cayley and 
Klein are thus at one in the supposition that geometrical axioms 
cannot derive from experience, and whether we look for their 
origin in the realms of the a priori, or of the ' only realities ', or of 
the * transcendental ', seems to be more a matter of phraseology 
and the picturesque than anything else. But that the purely 
imaginary objects of geometry cannot originate in experience is 
what I am unable to admit. This question has already been 
discussed, briefly but, as it seems to me, sufficiently, in connexion 
with Cayley's views. Nor is it necessary to discuss Klein's 
definition of the axioms, since it is evidently suggested by the 
belief that they cannot be accounted for by experience. 

1 See Nicht'Euklidtsche Geometrie, part i, pp. 355 et seq. 
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We will return now to the consideration of the assumptions 
which, according to Professor Henrici, Euclid actually makes. 

Euclid assumes that * Right angles, as defined in Def. 10, are 
possible, and all right angles are equal ; . . / (Axiom n). 

This means that Euclid assumes that two straight lines can have 
the angular relation defined, viz. that one of them can stand on 
the other so as to make the adjacent angles equal. But since 
Euclid proves, in Props, n and 12, Book I, that this relation is 
possible, I do not see how he can be held to have assumed the 
possibility. 1 That the proof rests upon * assumptions ' does not 
warrant our counting this as a fresh one. The fact is the writer 
seems to be somewhat inconsistent in his treatment of Euclid. 
For instance, the list of assumptions said to be made by Euclid 
does not include parallels as defined in Def. 35. Why not? 
Evidently because in Prop. 27 Euclid * proves the existence of 
parallel lines' (p. 378), i.e. proves this relation between straight 
lines to be possible. But if this is a good reason for not including 
Def. 35 among the assumptions, why not apply it in the case 
of Def. 10 ? The conception of the * plane rectilineal ' angle is 
general ; it is the conception of angular magnitude or difference 
of direction between two straight lines in general. In Def. 10 (the 
right angle) Euclid defines a ' particular and precise ' idea, i.e. 
that of a particular angular magnitude, just as in Def. 4 he 
defines a particular linear shape. Thus when in Axiom n he 

1 I put the case from what I conceive to be Professor Henrici's own 
standpoint, not from mine. I do not regard the notion of perpendicularity 
as something which we must either assume or demonstrate. I do not 
perceive the relevance either of assumption or of demonstration to the 
notion. The notion of a straight line which rotates in a plane about a point 
fixed in another straight line in this plane, involves the notion of perpen- 
dicularity, or equality of adjacent angles, as a particular case in the con- 
tinuous series of cases ; just as it also involves, as another particular case of 
the same series, that of coincidence, or disappearance of the adjacent 
angles (which we somewhat paradoxically express in saying that these 
become respectively equal to o and 180). But although the notion of 
perpendicularity is necessarily involved as a particular case of the general 
conception of (linear) angular magnitude, it is quite a different matter to 
demonstrate that this geometrical relation (i. e. perpendicularity) is neces- 
sarily connected with other geometrical relations ; and this is what, from 
a purely geometrical standpoint, Euclid does in the nth and I2th pro- 
positions. It is not always easy, indeed, to analyse Euclid's procedure 
as purely geometrical, because he draws no systematic distinction between 
purely geometrical questions and questions which involve, in a greater or 
less degree, the notion of application or mensuration. 
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' assumes ' that all right angles are equal, he * assumes J that all 
angles of a particular magnitude are equal. The axiom is mere 
surplusage. 

Let me return now to the consideration of Axiom 10 two 
straight lines cannot enclose a space, or one straight line only 
can lie between two points which seems to me to be merely 
an alternative to Def. 4. This proposition 

' has been regarded by some writers as either a mere definition 
of straight lines, or as contained by direct implication in the 
definition ; but incorrectly. If it is held to be a definition, 
nothing is too complex to be so called, and the very meaning 
of a definition as a principle of science is abandoned ; while, 
if it is said to be a logical implication of the definition, the whole 
science of geometry may as well be pronounced a congeries of 
analytic propositions. When straight line is strictly defined, 
the assertion is clearly seen to be synthetic/ l 

This is not a little dogmatic. To say that if this proposition 
is held to be a definition, nothing is too complex to be so called, 
is mere rhetorical exaggeration ; beating the big drum is not 
argument, but only drowns it. What proposition could well 
be less complex than the one in question ? And the addendum, 
that the very meaning of a definition as a principle of science 
is abandoned, is but a begging of the question at issue, since it is 
precisely the difference between definition and axiom which 
is in dispute. 

Lobatschewsky, in his Geometrical Researches on the Theory of 
Parallels (Berlin, 1840), gives a number of simple propositions 
(all in accord with Euclid) as premisses of his geometrical develop- 
ment. The first two of these propositions is as follows : 

' A straight line is, in every position, superposable upon itself. 
I mean by this, that if about two points of a straight line we 
rotate the surface which contains it, this line does not change 
its place.' 

Lobatschewsky merely gives this as a proposition. Is it a 
definition of the straight line, or is it an axiom ? The two state- 
ments contained in it are evidently intended to be supplementary 
to one another, so that we may get at the exact meaning of the 
author. Evidently, also, a line which, in every position, is 

1 Art. ' Axiom ', Ency. Brit., vol. iii, p. 160. 



superposable upon itself, is merely another way of saying, lines 
which, in every position, are superposable upon one another. 
The second statement is meant to give the precise sense of the 
' in every position ' of the first. It seems thus impossible to take 
this proposition as anything but a mere verbal variant of Euclid's 
Axiom 10. Yet the very next proposition which Lobatschewsky 
lays down is: Two straight lines cannot intersect twice. We cannot 
suppose that he intended to give the proposition twice over in 
different words. I conclude that he intended the first as a definition 
of the straight line, the second as an axiom about straight lines. 
Yet what difference, other than mere verbal difference, is there 
between them? Euclid's Def. 4 is equivalent to either of them ; 
and so is also his Axiom ro. 

I pass over Axiom 12, which will be considered further on under 
the theory of parallels ; I also leave aside the assumption which 
Euclid is said to make sub sikntio, that figures may be freely 
moved in space without change of shape or size. The discussion 
is rather long; it will form the subject of a separate chapter. 
There remain the three Postulates, about which I have as yet 
said nothing. 

Some writers have seen in Euclid's Postulates merely statements 
which limit the use of instruments in geometrical construction to 
the ruler and compasses. But this is a side issue which has 
nothing to do with the foundations of geometrical reasoning. 
Whether the figures in which we embody or represent our 
geometrical conceptions are actually drawn or only imagined, 
and, if drawn, are free-hand or engineered no matter by what 
auxiliary instruments, has clearly no bearing on the kind of 
questions we have been discussing. 

It is known that Euclid himself grouped the loth, nth, and 
I2th ( axioms *, together with the three postulates, into one class 
under the name of amj/wmx, and that the arrangement of the 
preliminary propositions actually found in the modern editions 
of his Elements was the work of his successors ; the ground 
of the alteration being * the distinction between postulates and 
axioms which has become the familiar one, that they are in- 
demonstrable principles of construction and demonstration 
respectively '* This distinction seems to be no longer accepted, 
at least by the quite modern school of geometers ; and it is on 
1 Art. ' Axiom', Ency. Brit., vol. iii, p. 159. 
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the whole strange that it should ever have been generally 
admitted ; for, accidents of phraseology apart, it seems to be 
a distinction without a difference. Thus * Axiom ' 10, if expressed 
as it very commonly is expressed, viz. one straight line only can 
be drawn between two points, might just as well be called a 
principle of construction as a principle of demonstration. Suppose 
now that we say : A line which lies evenly between any two of its 
points will lie evenly between any two other points, this would be 
to state the so-called axiom of congruence for straight lines only, 
but is it to say anything in essence different from what Euclid 
says in the first postulate, that a straight line may be drawn 
from any one point to any other point ? Personally I find no 
essential difference between the two ; but this is no doubt due 
to the unusual interpretation I attach to the so-called axiom of 
congruence or assumption that figures rnay be freely moved, &c., 
which has yet to be discussed. 

In the second postulate Euclid is said to assume that straight 
lines may be indefinitely produced ; and, indeed, in this as in 
the other postulates, Euclid asks that something may be granted. 
But the particular form in which these propositions are cast may 
very possibly be due to the lack of a clear and consistent distinc- 
tion between geometry and mensuration. It is at all events easy 
to see that if, in Euclid's day, that distinction was not observed, 
and it were simply asserted, e. g. that a circle can be described 
from any centre and at any distance from that centre, it would 
have been too easy for the critic to object that this is not possible. 
Euclid asks that this may be granted as a premiss : whoever will 
not grant it must go elsewhere for his geometry. But if we admit 
that in geometry we are concerned with what Hume called 
' relations of ideas ', while in mensuration our object is the 
application of these relations in 'matter of fact', which is 
the distinction in question, a distinction now very generally 
admitted by mathematicians, then to say that we assume the 
straight line to be indefinitely producible will be found to mean 
in substance this : that we assume the straight line not to be 
a circle. It is more than likely the reader may think that to call 
this an assumption is absurd or is an abuse of language, and that 
mathematicians cannot possibly intend anything of the kind. 
It may be they do not ; but let us consider what we can make 
of the following passage, which is taken from Felix Klein's 



Lectures on Non-Euclidean Geometry. Speaking of Riemann's 
conception of a constant * measure of curvature ' of space, he 

says: 

' Riemann was here confronted with the question : what is 
the value of this constant measure of curvature ? If it is equal 
to o, we have the premisses of the ordinary Euclidean geometry. 
If it is negative we get Hyperbolic geometry, that is, the geometry 
developed by Gauss, Lobatschewsky, and Bolyai. But how 
stands the case if this value is positive ? This possibility had so 
far been overlooked, or rather it had been put on one side because 
space had always and very naturally been taken as infinitely 
extended. But now Riemann observes that this third case can 
also quite well be admitted. For if it should indeed be that 
space is finite, that is, returns into itself, and that the length 
of the straight lines in which it returns into itself is merely very 
great, yet we can in no way become aware of the first of these 
properties, and we are therefore not warranted in neglecting 
this possibility. Thus while the earlier investigators naturally 
regarded space as infinite, Riemann says : space is indeed 
necessarily unbounded, but because space is unbounded it does 
not follow that it is infinite.' l 

The Euclidean assumption is, then, that a straight line 
does not return into itself, and since it is a condition of 
metrical geometry that the unit of measurement is conceived as 
invariable both in shape and size, the Euclidean assumption 
is in essence that the straight line is not a circle. The con- 
ception of a line which returns into itself is simple ; the 
phrase, space is finite, or returns into itself, is also simple ; but 
does it give expression to any conception ? Mr. Poincar6, like 
other eminent geometers, conceives two-dimensional beings living 
on a sphere. * Their space will be unbounded, since on a sphere 
one can always go forward without being stopped, and yet 
it will be finite ; you can find no end to it but can go round 
it '. Subsequently he tells us that * Riemann's space is finite 
although unbounded, in the sense assigned above to those two 
words '. 2 Only what is this sense when we pass from a figure 
(which is a boundary in space) to space ? Beings as ' two- 
dimensional ' and a surface as a ' space ' arc merely misleading 
metaphors unless they express real analogies in thought. Space 

3 Nicht-Euklidische Geometric, i und ii,von F. Klein. Zwcitcr Abdruck. 
Gottingen, 1893. 

2 La Science et I' Hypothec, pp. 53, 54. 
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as finite but unbounded ! Well might the least Mephistophelian 

of us exclaim : 

Denn eben wo Begriffe fehlen, 

Da stellt ein Wort zur rechten Zeit sich ein. 

The third postulate completes the definition given of the circle 
in Def . 15. That is, the name ' circle ' is not (like the ' straight * 
line) the name of a particular linear shape, but of a particular class 
of linear shapes. 

It will be noticed that the trend of the argument developed 
in this chapter is in the direction of a conclusion which, up to a 
certain point, appears to be in agreement with that of Mr. Poin- 
care, viz. that geometrical axioms are definitions in disguise. 
But what do these definitions define? Apparently, according 
to Mr. Poincare, they define conventions. But an abstraction 
from experience is not a convention in any ordinary sense of that 
word. Is it after all possible that Mr. Poincare dissociates himself 
verbally only from the more common opinion that geometrical 
definitions are disguised assumptions ? We have, according to 
him, a choice of conventions. Other geometers say that we have 
a choice of assumptions. According to the view maintained 
in the present work, these so-called axioms, or those at least 
which have so far been discussed, are simply definitions of 
geometrical abstractions in relation to which neither assumption 
nor convention have any relevance whatever. But we have 
not yet considered either the axiom of parallels or the axiom 
of congruence ; and before we do so there is something more 
to be said about the axioms of magnitude. 



CHAPTER XIII 

THE AXIOMS OF MAGNITUDE 

Analysis of Euclid's Axioms of Magnitude, taking Axiom r , Book I of the 
Elements as typical. Axioms 2, 3, 6, and 7, Book I, i and 2, Book V, are 
of the same type as Axiom i , Book I. Characteristics of this type of pro- 
position. These seven Axioms, though themselves general propositions, 
are subsumable under one or other of two more general and mutually 
converse axiomatic propositions. Note on the use of the reductio ad 
absurdum argument with reference to Axioms 4 and 5, Book I. 

IN the modern translations of Euclid's Elements, of the twelve 
propositions which, in Book I, are called Axioms, there are 
nine which are statements about magnitude. Several of these 
are known not to be authentic, that is, not to be Euclid's, but 
to have been added by subsequent editors or teachers. The 
historical aspect of these propositions I am not concerned with. 
I propose to take them as they stand, e. g. in Simson's Euclid, 
and inquire which of them are axioms in the sense that the first 
of them is an axiom, or conclusion which follows both necessarily 
and immediately from a synthesis of two data. 

It is clear that the second and third of these propositions are 
axioms in this sense. We have 

Given (i) the equality of A and B, and (2) the equality of 
C and D ; with the conclusion A +C=B + D, and also A C = 
BD. Or, as Euclid expresses it : 

Axiom 2. If equals be added to equals the wholes are equal. 
And 

Axiom 3. If equals be taken from equals, the remainders are 
equal. 

We have, next, the two propositions which deal with in- 
equality : 

Axiom 4. If equals be added to unequais, the wholes are 
unequal. And 

Axiom 5. If equals be taken from unequais, the remainders 
are unequal. 

Already Proclus had disallowed these two as axioms, on the 
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ground that they are derivative propositions. 1 And if derivation 
by means of the reductio ad absurdum argument is held to be 
in this case genuine reasoning, 2 the rejection is of course justified, 
these two propositions being respectively derivable by that form 
of argument from Axioms 3 and 2. 

We come next to the propositions about double and half : 

Axiom 6. Things which are double of the same, are equal to 
one another. And 

Axiom 7. Things which are halves of the same, are equal to 
one another. 

In the article ' Geometry*, Part I (Ency. Brit., vol. x), Professor 
Henrici tells us (p. 377) that a few of these ' common notions ' 
as Euclid called them may be said to be definitions, and he 
suggests that Axiom 7 may be taken as a definition of * halves '. 
But if so we might also take Axiom 6 as a definition of ' double ' ; 
and this would app.ear to land us in an absurdity. For since the 
defining contexts are in the two cases identical, it ought to 
follow that ' double J and ' half ' have the same meaning. 
Similarly, for ' half ' we might substitute ' a third ', ' a quarter ', 
&c. ; and 'treble', 'quadruple', &c., for ' double ' the defining 
context remains throughout unaltered. The fact is, of course, 
that Axiom 6 is a particular case of the general proposition that 
equimultiples of the same magnitude are equal to one another ; 
and Axiom 7 of the general proposition that those magnitudes, 
of which the same magnitude is an equimultiple, are equal to 
one another. These two general propositions are given by Euclid 
as axioms at the beginning of the Fifth Book of the Elements. 

Now since a multiple is a sum of equals, it is clear that the 
first of these two general propositions (Axiom i, Book V) is 
closely connected with Axiom 2, Book I. What is the nature 
of this connexion? Let it be admitted, first, that Axiom 2, 
Book I, is interpretable as follows : 

Given that A =, C=D, =F, . . . ; then A +C ++...= 
B + D+F+ ... Admitting this interpretation, then it is clear 
that the so-called Axiom i, Book V, is merely the particular 
case of Axiom 2, Book I, where A =C = =... But if we do 
not admit this interpretation of Axiom 2, in other words, if we 
restrict its significance to two pairs of equals, then the more 

1 Art. 'Axiom ', Ency. Evit.^ vol. iii, p. 159. 

2 See, on this subject, the note at the end of this chapter. 



general conclusion must be held to be mediated by a series 
of syllogisms after the manner of Mr. Poincare's mathematical 
induction, or demonstration by recurrence. 1 Thus if we have 
A, C, E given as equal respectively to B, D, F, the necessity 
of A+C+E=B + D + F would follow only from a prior con- 
clusion A + C = B 4- D. 

I am quite unable to accept the latter view. Consider the 
still more general proposition : Magnitudes which are identically 
related to the same magnitude are equal. It is at once seen that 
Euclid's Axiom i, Book I, is a particular case of this most 
general proposition ; but it is no less clear that, given any 
identity of quantitative relation of X and Y to Z, whether it be 
equality or any inequality, the conclusion follows with the same 
immediacy and necessity. 2 In other words, this general proposi- 
tion is axiomatic, and it clearly cannot be made more general. 

The converse of this proposition, viz. Equal magnitudes are 
identically related to the same magnitude, is no less axiomatic 
and no less general. Between them they comprise every less 
general axiomatic proposition which can be made about equality. 
Euclid's Axioms i, 2, 3, 6, and 7, Book I, and Axioms i and 2, 
Book V, are respectively subsumable under one or the other 
of the two. 

From these two axioms of magnitude : 

1. Magnitudes which are identically related to the same 

magnitude are equal to one another, 

2. Equal magnitudes are identically related to the same 

magnitude ; 

we derive respectively, by the rcditctio ad absurdum argument, 
the propositions : 

3. Unequal magnitudes are not identically related to the 

same magnitude, 

4. Magnitudes which are not identically related to the same 

magnitude are unequal. 

Euclid's axioms about inequality, viz. 4 and 5, Book I, 
3 and 4, Book V, are comprised in these two derivative proposi- 
tions. 

1 La Science et I'Hypothtee, chap. i. Mr. Russell's criticism of Mr. Poin- 
car6 on this point seems to me to be well founded. See Mind, July, 1905. 

* It is, in fact, the given identity of relation, and not the particular 
relation, which carries with it the necessity of the conclusion. 
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This analysis of Euclid's axioms of magnitude plainly discloses 
one foundation of the opinion that the so-called axioms 8 and 9, 
Book I of the Elements, are definitions ; 8 of ' identical ' equality 
or congruence, and 9 either of the relation of whole to part, 
or of ' greater than ' as you please. Neither of these statements 
are subsumable under, or derivable from, the above general 
axioms i and 2. 

The proof of a proposition by reductio ad absurdum of its contradictory 
is a mode of argument which Euclid occasionally uses in the Elements. 
It has always been regarded, I believe, as a valid process, and I have 
nothing to urge against it when employed as Euclid employs it, or on 
occasions similar to those on which he employed it. But with reference 
to Proclus's disallowance of Axioms 4 and 5 (sum and difference of equals 
and unequals) on the ground of their being derivative propositions, this 
mode of argument seems to me to sink to the level of a purely verbal artifice 
to which corresponds nothing more than the mere simulation of a process 
of judgement. 

It is of course perfectly obvious that there is no difference of kind between 
any one and any other of the four propositions, Axioms 2, 3, 4, and 5. If 
any one of them contains an immediate and necessary conclusion, so does 
every other of them. We might just as well start with 4 and 5 as axioms 
and from these derive 3 and 2 by the same kind of proof. The admission 
of this kind of proof as being, in this case, really significant thus puts us in 
an absurd position. In the first place because when we say that 2 and 3 
are axioms, and 4 and 5 demonstrable propositions, or vice versa, we imply 
that the connexion between data and conclusion in the one pair is not the 
same as in the other, which is not really the case ; in the second place 
because of the manifest incongruity involved in the very endeavour to 
mediate a conclusion which is actually an immediate conclusion. 

If we consider the way in which the argument actually proceeds, it is 
quite possible to admit that the process has no real significance, and yet 
that the argument is one which, even in the particular case, it may be 
necessary to use. 

Thus, having admitted as axiomatic the proposition : if equals be taken 
from equals, the remainders are equal, we proceed to prove the proposition : 
if equals be added to unequals the wholes are unequal. In the familiar 
Euclidean manner, but using algebraic symbols for brevity's sake : 

Let AB y and C=$=D, then shall A+C^B+D. For if not, suppose 
A+C=B+D. From these equals take the equals A> B. Then by the 
axiomatic proposition, it follows that C=D, which ex hypothcsi is not the 
case. Hence the supposition that A + CB 4- D is false. 

No doubt, but we have taken it for granted that the first step in the 
argument corresponds to a real movement of thought. Nothing is easier 
than to write, or say, 'suppose that A -f-C=B-fD,' but the question is 
whether, with the data in mind, we can make the supposition. If we can, 
then the alternative A-\-C^B~{- D is, so far, not necessary; but then 
neither can the conclusion affirmed in the admitted axiom be necessary, 
and we have been mistaken in admitting it as such. 1 can see no issue 



from this dilemma other than to admit that the so-called demonstration is 
merely a verbal quibble. 

But it may be considered as a quibble designed to encounter and defeat 
another. There have always been obstinately disputatious people, and 
others seeking reputation for wisdom through the expression of pyrrhonic 
doubt. The Greek geometer of old no doubt had to deal with such persons, 
for his countrymen were fond of argument. He had to deal, say, with 
a stubborn, perhaps a disingenuous, critic. The latter has been got so far as 
to admit the first three axioms, let us suppose, by means of the usual 
argument that no further discussion or development is possible without 
this prior admission. The 4th and $th axioms are then proposed to him. 
Possibly he refuses to be drawn into any further admissions. But he has 
already gone too far, and the geometer holds his man. For if, by chance, 
his refusal is genuine, then he can suppose the alternative conclusion, and 
the proof tendered will have to be admitted, by him, as a genuine proof. 
On the other hand, if his refusal is pretence, he cannot object to the sup- 
position without unmasking the pretence, that is, without admitting what 
he had just denied, viz. the necessary truth of the proposition. 

It would seem, then, that demonstration by the mode in question is in 
these cases an argument ad kominem rather ad judiciam. 



CHAPTER XIV 
THE AXIOM OF PARALLELS 

Form in which Euclid expresses the proposition. It clearly embodies 
a conclusion suggested by given relations between geometrical entities. 
This conclusion, whatever may be thought of its necessity, is certainly 
not immediate. The same must be said of Playfair's version. Conflict of 
opinion as to the self-evidence of the proposition. Cayley's views on the 
question. The proposition considered as expressing a generalization from 
experience, and hence as not apodeictic. The two propositions into 
which the Axiom of Parallels can be broken up. The converse of the first 
is geometrically equivalent to the second. These two mutually converse 
propositions exhibit a remarkable analogy in thought-process with the 
two mutually converse Axioms of Magnitude of chapter xiii. Suggestion 
that they are real Axioms of Direction. 

EUCLID'S Axiom of Parallels runs as follows : If a straight line 
meet two straight lines, so as to make the two interior angles 
on the same side of it, taken together, less than two right angles, 
these straight lines being continually produced, shall at length 
meet upon that side on which are the angles which are less than 
two right angles. 

The reason which made Euclid put the proposition in this 
complicated form is plain when we compare it with the i6th, 
27th (or 28th), and 2gth propositions of Book I. The 27th 
follows from the i6th, the postulate is the converse of the i6th 
and serves to prove the 2Qth. The four propositions may be 
briefly expressed as follows : 

Prop. 16. Two straight lines which meet are not identically 
inclined to a transversal. 

Prop. 27. Two straight lines which are identically inclined 
to a transversal are parallel. 

Postulate. Two straight lines which are not identically 
inclined to a transversal must eventually meet. 

Prop. 29. Parallel straight lines are identically inclined 
to a transversal. 

The so-called axiom, or postulate, is clearly not the definition 
of a geometrical entity, since it embodies a conclusion, which, 
whether it does or does not necessarily follow from, is suggested 



by, the given relations !>etween geometrical entities. Nor, were 
the conclusion admitted to follow necessarily from the premisses 
could the proposition be admitted as an axiom in the precise 
sense in which I have used this term, viz. that of a conclusion 
which follows not only necessarily but also immediately from 
a synthesis of two premisses. That the conclusion, even if neces- 
sary, is not immediate, is evident from the fact that the proposi- 
tion can be split up into two, the conclusion of the first becoming 
a premiss of the second : 

1. Two straight lines which are in the same plane and are 
not identically inclined to a transversal are mutually inclined. 

2. Two straight lines which are in the same plane and are 
mutually inclined must eventually meet. 

In other words, the conclusion, whether necessary or not, 
is derivative. But since it is not admitted to be necessary, or 
self-evident, either one or both of the subordinate propositions 
is (or are) not necessary, or self-evident. 

Euclid's statement of the postulate, as already remarked, 
lacks that simplicity and immediate intelligibility which should, 
if possible, characterize a fundamental proposition. This objec- 
tion, however, cannot be urged against Playfair's version of 
the axiom, which is the one now commonly given : Through 
a point not in a given straight line there cannot be drawn, in 
the same plane with it, more than one straight line which does 
not cut it. But in substance, though more simply stated, it 
is the same proposition as Euclid's, and gives rise to the same 
two questions : (i) Is it a matter of doubt whether through the 
point in question there can lie but one straight line which 
is identical in direction with the other ? If this is doubtful 
the conclusion as to intersection is doubtful. But if, on the 
other hand, it is a necessity of thought that identity of direction 
with a straight line AB is possible for one straight line only 
through a point C not in AB, then we have question (2), Is it 
doubtful that a straight line through the point C, in the same 
plane but not identical in direction with AB, must eventually 
cut it? Or, finally, are both these propositions doubtful? 
The reader should put the question to himself and answer it 
without an eye to the consequences which the answer may 
involve. 

Mr. Russell seems to go somewhat too far in asserting that 
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honest people find it hard to assent to the axiom of parallels 
as self-evident. 1 It is, on the contrary, notorious that many 
honest people find it extremely hard not to do so, especially 
when the proposition is put as Playfair puts it. But I suppose 
these honest people are negligible by reason of their stupidity. 
Tlie truth of the matter seems rather to be this : that 99 indi- 
viduals out of every 100 who come to the study of geometry 
admit the proposition, when simply expressed, as self-evident ; 
but when they hear that the premiss can be rejected and that 
a self-consistent geometry can be developed on the assumption 
that more than one straight line through the point (in Playfair's 
version) is parallel to the given straight line, i. e. is a non-secant, 
they are thrown into that state of ' momentary amazement and 
irresolution and confusion ' which Hume characterizes as the 
result of pure scepticism; and if they study the arguments 
by which Lobatschewsky established this geometrical system, 
they find, as Hume found when he studied Berkeley's arguments, 
*' that they admit of no answer, and produce no conviction/ 

Moreover, this question of self-evidence cannot be dismissed 
by merely waving aside as negligible the honest people who 
do find the postulate self-evident. Cayley is not a negligible 
quantity, and in his opinion Euclid's postulate does not need 
demonstration. This is one of the many puzzles with which the 
subject abounds, for Cayley was himself an original investigator 
and innovator in non-Euclidean geometry. The explanation 
which he himself gives of his standpoint is indeed not quite so- 
clear as one could wish. 

' My own view/ he says, ' is that Euclid's twelfth axiom in 
Playfair's form of it does not need demonstration, but is part of 
our notion of space, of the physical space of our experience 
the space, that is, which we become acquainted with by experience, 
but which is the representation lying at the foundation of all 
external experience. Riemann's view before referred to may, 
I think, be said to be that, having in intellect a more general 
notion of space (in fact a notion of non-Euclidean space), we 
learn by experience that space (the physical space of experience) 
is, if not exactly, at least to the highest degree of approximation, 
Euclidean space/ 

The use of such expressions as ' physical space ', ' the space 
with which we. become acquainted by experience ', seems to 
1 Principles of Mathematics, vol. i, p. 373. 

BERKELEY Q 



imply that there are other spaces with which experience does 
not make us acquainted, or non-physical spaces, which we can 
conceive ; and this would appear not to differ essentially from 
Riemann's view. We can, according to Cayley, have different 
systems of geometry in accord with the several different defini- 
tions which can be given of ' distance ' ; he does not clearly 
state whether we can or cannot have these several systems 
according to the several conceptions which, to follow Riemann, 
we can form of space. If we are to take what he says about 
the axiom of parallels for what it appears to mean, we must, how- 
ever, conclude that he does not agree with Riemann, disbelieves 
that any other than the ordinary conception of space is possible. 
I think it may rightly be said that in general the plain man 
admits Playfair's axiom as self-evident, while in general the 
mathematician does not admit it as such. I do not at all 
suggest that in such a matter we should count heads rather 
than weigh them ; but the case is plainly not one of those of 
which it may be said that there is on one side popular delusion 
and on the other expert knowledge. Helmholtz remarks that 
we are all prone to mistake general results of experience for 
necessities of thought. 1 In his view the so-called axioms of 
geometry are not necessities of thought but general results of 
experience, that is, I suppose, what are commonly called ' laws 
of nature ' or generalizations from experience. In taking the 
axiom of parallels as self-evident, the plain man, then, according 
to this view, confounds a generalization from experience with 
a necessity of thought. But, in the case of this axiom, the 
conditions of experience are such that it is not easy to see how 
the proposition can even present itself as the expression of 
a general result of experience. The certainty which we attribute 
to generalizations from experience, such for instance as those 
embodied in Newton's laws of motion, arises from our finding 
no exception to them within the limits of experience. But 
in the case of the axiom of parallels the empirical evidence is not 
quite of the same nature. In general we find that within the 
limits of experience the axiom is neither confirmed nor refuted, 
so that it is by no means clear how the supposed misapprehension 
can really occur. The judgement is certainly not plainly and 
unequivocally an empirical generalization. 

1 Popular Lectures on Scientific Subjects, Series 2, p. 32. 
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On the other hand, there is a suggestion of the empirical in 
the apparent element of prediction involved in the Euclidean 
(which is the classically original) form of the axiom. Given 
certain conditions, then something will happen, viz. the lines 
in question must eventually meet. It is by no means impossible 
that this mode of phraseology counted for something in forming 
the original judgement that the proposition is an empirical one, 
If this was so, the result for the philosophy of geometry was a very 
unfortunate one. It is easy to get rid of the apparent element 
of prediction contained in the so-called axiom by breaking it 
up into its two subordinate propositions, and by substituting 
for the second one the converse of the first : 

(1) Two straight lines not identically inclined to a transversal 
are mutually inclined. 

(2) Two straight lines which are mutually inclined, and 
are continually produced, will eventually meet. 

Instead of (2), which contains the apparent element of predic- 
tion, we substitute the converse of (i), i. e. Two straight lines 
which are mutually inclined are not identically inclined to 
a transversal. From these two propositions, (i) and the converse 
of (i), it can be demonstrated that the sum of the angles of any 
triangle is equal to two right angles, a proposition which is 
equivalent to the postulate. But it is more convenient and 
neither more nor less self-evident to take as axioms the two 
propositions : 

a. Straight lines which are identically inclined to the same 
straight line are not mutually inclined. 

b. Straight lines which are not mutually inclined are identically 
inclined to the same straight line. 

The proposition about the sum of the angles is seen at once to 
follow from these two. 

The proposition (i) above and its converse derive respectively, 
by the reductio ad absurdum argument, from the propositions 
b and a, just as we have seen to be the case with the axioms 
of magnitude. In fact these four propositions relating to 
direction are in exact analogy with the four propositions relating 
to magnitude. Take, for instance, the first axiom of magnitude 
and proposition a : 

If .4 and B are identically related in length to C, A and B 
are equal, or are identical in length. 
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